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FOREWORD

This report was prepared by the Aerospace Mechanics Group of the
University of Dayton Research Institute under USAF Contract AF 33(615)-3199
and USAF Contract F33615-69-C-1439. This work was conducted under the
direction of the Vehicle Equipment Division, Air Force Flight Dynamics
Laboratory, Wright-Patterson Air Force Base, Ohio, Mr. George Sperry
(FDFM), Project Engineer.

This report covers work conducted from 15"May 1968 to 15 June 1969.

The authors wish to thank Mr. Sperry for his considerable efforts in
securing flotation data and information and in integrating the overall effort
to meet Air Force flotation research objectives. This report was submitted
by the authors in July 1969,

Publication of this technical report does not constitute Air Force
approval of the report's findings or conclusions. It is published only for the

exchange and stimulation of ideas. )
N LGS

KENNERLY H. DIGGES

Chief, Mechanical Branch

Vehicle Equipment Division

Air Force Flight Dynamics Laboratory
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ABSTRACT

The determination of aircraft flotation performance and operations :
capability on semi- and unprepared soil runways is a critical factor in
developing forward area airfields in limited warfare situations. This
investigation, which is a part of a continuing program, was directed at
defining landing gear-soil interaction and developing the flotation criteria
to permit comparative evaluation of the relative merits of various landing
gear configurations.

A basic aircraft tire-soil interaction equation relating the drag ratio
(R/P) to sinkage ratio (Z/D) was developed for the Region II velocity
range (5 knots to 49 knots). The influence of high velocity and multiple
wheel configurations on flotation performance was determined on a
preliminary basis. Empirical sinkage prediction equations were developed
for predicting the sinkage of aircraft type tires in cohesive and cohesionless
soils with an estimated accuracy of #40% within the 90% confidence limits.
The results of the Single Wheel Verification Tests are reported and used to
verify the develcped flotation analysis equations.

An analytical approach to sinkage prediction using finite element
techniques was developed to give a more rational approach to sinkage
analysis. The soil was assumed to be an elastic-perfectly plastic medium,
The resuits of this analytical approach as given by the computer program
and the results of a test case evaluation are described in detail,

A preliminary Single Wheel Relative Merit Index (RMI) was developed
for permitting a comparative evaluation of the flotation characteristics
of aircraft tires on soil. The RMI was used to rate the flotation capacity of
aircraft tires currently used on cargo, bormber, and fighter aircraft.

This document is subject to special export controls and each transmittal
to foreign governments or foreign nationals may be made only with prior
approval of the Air Force Flight Dynamics Labcratory (FDFM), Wright-
Patterson Air Force Base, Ohio 45433,

iii




AFFDL-TR-69-76

TABLE OF CONTENTS

SECTION PAGE
I INTRODUCTION . . . & ¢ ¢ 4 ¢ s ¢ o o o « o« o o o 1
I DRAG-SINKAGE ANALYSIS . . . . . ¢« & ¢« « o & o « & 4
m SINGLE WHEEL VERIFICATION TESTS . . . . . . . . 13
v SINKAGE PREDICTION EQUATIONS . . . . . . . . . . 31
v SINGLE WHEEL RELATIVE MERIT INDEX (RMI) . . . . 71

Vi CONCLUSIONS AND RECOMMENDA TIONS FOR

RESEARCH < . & . ¢« ¢ 6w o o5 6 6 & b o 2 5 & o 90
REFERENCES: 0121 35 5 51 7 99 - = = & s @@ 986 5 s o = o : 92

APPENDIX I: Single Wheel Verification Tests, Soil Tests and
Preparation . . . . . . & ¢ ¢ @ @ « & 5 « s & s B 95

APPENDIX II: Single Wheel VerificationTests, Soil Uniformity
Measurement . . . . . . . ... 0 00 0. . . . 102

APPENDIX III: Flotation Index-Operations Index Computer Program 117

APPENDIX IV: Incremental Strain-Displacement Relations for Stress
Points Near the Surface. . . . . . . . . .. . . . 121

APPENDIX V: Derivation of the Stress Correction Equations . . . . 124

APPENDIX VI: Finite Element Computer Program for Apalytical
Sinkage Analysis . . . . . . .. .. ... .. .. 128

APPENDIX VII: Program Listing . . . . . . . .. . ... . . . 136

iv




AFFDL-TR-69-76

FIGURE

o Ut W

10
11
12

13
14

15
16
17

18
19

20

21
22
23

ILLUSTRATIONS

Projected Landing Gear-Soils Interaction and Flotation
Research Program .

Drag Ratio-Sinkage Ratio, Single Wheels on Soil.
Multiple Wheel Landing Gear Assemblies .

Twin Wheel Drag Effects in Clay Soil .
Tandem-Tracking Wheel Drag Effects in Clay Soil .

Typical Drag Ratio, Sinkage Ratio vs Horizontal Velocity
in Soeil . . . . . .

High Velocity (Region III) Drag Ratio Effects in Soil .
Test Carriage on Soil Carts .

Type LI, 7.00-6 Test Tire

Type 1II, 8.50~10 Test Tire

Cone Index-CBR Soil Correlation

Tire Deflection Effects on Drag and Sinkage,
8.50=10 Tire . & 2 =« « 2 « + & & & & -

Drag Ratio vs Sinkage Ratio, Buckshot Clay

Sinkage Characteristic vs Load-Strength Ratio,
Buckshot Clay . . . . . . . « . .

Drag Ratio vs Sinkage Ratio, Mortar Sand
Sinkage Characteristic vs Load-Strength Ratio, Mortar Sand

Sinkage Characteristics vs Load-Strength Ratio, Cohesive
Soil .

Sinkage-Tire Deflection Analysis, Cohesionless Soils

Sinkage-Tire Diameter/Width Ratio Analysis, Cohesionless
Soils

Sinkage Characteristics vs Load-Strength Ratio,
Cohesionless Soils ,

Sinkage Range for Soils .
Boundary Conditions for Stationary Tire Impulse Loading.

Typical Vertical Impulse Pressure Curve.

v

PAGE

O 0 N 0 W

12
16
Iy
17
21

24
25

26
28
30

34
36

37

39
40
42
43

L el el i Y s e




FIGURE

24 Finite Element Model - '""Lumped Parameter Method' .

25 Flow Chart of Computer Program.

26 Development of the Plastic Zone vs Time of Lioading

27 Vertical Deflection of the Surface vs Radius at Various
Times of Loading .

28 Sinkage at r/a = 0 for Various Depths . . . . .

29 Constant Vertical Stress Contour at Time-%— =0.35.

d
30 Constant Vertical Stress Contour at Time t—t— = 0.50.
d

31 Sinkage Ratio vs. Vertical Tire Load, 8.50-10 Tire on
High Strength Clay, d = 28%

32 Sinkage Ratio vs. Vertical Tire Load, 8.50~10 Tire on
High Strength Clay, d = 45%

33 Sinkage Ratio vs. Vertical Tire Load, 8.50-10 Tire on
Low Strength Clay, d = 28%

34 Sinkage Ratio vs. Vertical Tire Load, 8.50-10 Tire on
Low Strength Clay, d = 45%

35 Sinkage Ratio vs. Vertical Tire Load, 7.00-6 Tire on
Low Strength Clay, d =28% . . . . . . . .

36 Sinkage Ratio vs. Vertical Tire Load, 7.00-6 Tire on
Low Strength Clay, d = 45%

37 Sinkage Ratio vs. Vertical Tire Load, 8.50-10 Tire on
Sand, d = 28%.

38 Sinkage Ratio vs. Vertical Tire Load, 8.50-10 Tire on
Sand, d = 45%.

39 Sinkage Ratio vs. Vertical Tire Load, 7.00-6 Tire on
Sand, d = 28%.

40 Sinkage Ratio vs. Vertical Tire Load, 7.00-6 Tire on
Sand, d = 45%.

41 Flotation Index, Aircraft Cargo Tires on Low Strength
Soil

42 Flotation Index, Aircraft Bomber Tires on Low

Strength Soil

vi

PAGE
46
56
b9

60
61
62

63

66

66

67

67

68

68

69

69

70

70

74

75




43

44

45

46

47

48

49

50

51

52

53
54
55
56
57
58

59

60

61

Flotation Index, Aircraft Fighter Tires on Low
Strength Soil .

Flotation Index, Aircraft Cargo Tires on High
Strength Soil .

Flotation Index, Aircraft Bomber Tires on High
Strength Soil .

Flotation Index, Aircraft Fighter Tires on High
Strength Soil .

Operations Index, Aircraft Cargo Tires on Low
Strength Soil .

Operations Index, Aircraft Bomber Tires on Low
Strength Soil .

Operations Index, Aircraft Fighter Tires on Low
Strength Soil . . . . . . . . . . .

Operations Index, Aircraft Cargo Tires on High
Strength Soil .

Operations Index, Aircraft Bomber Tires on High
Strength Soil .

Operations Index, Aircraft Fighter Tires on High
Strength Soil .

Flotation Index Nomograph =
Grain Size Distribution, Buckshot Clay

Grain Size Distribution, Mortar Sand .

Triaxial Test Results, Buckshot Clay . . . . . .

Triaxial Test Results, Mortar Sand.

Soil Uniformity Measurements, Buckshot Clay,
Tests 6, 7, and 8

Soil Uniformity Mcasurements, Buckshot Clay,
Tests 9, 10, and 11 .

Soil Uniformity Measurements, Buckshot Clay,
Tests 12, 13, and 14

Soil Uniformity Measurements, Buckshot Clay,
Tests 15, 16, and 17

vii

76

77

78

9

81

82

83

84

85

86
87
97
98
100
101

104

105

106

107




62

63

64

65

66

67

68

69

70

Soil Uniformity Measurements, Buckshot Clay,

Tests 18, 19, and 20 .,

- . . . ) .

Soil Uniformity Measurements, Buckshot Clay,

Tests 21, 22, and 23 .

Soil Uniformity Measurements, Buckshot Clay,

Tests 24, 25, and 26 .

Soil Uniformity Measurements, Buckshot Clay,

Test 27 .

Soil Uniformity Measurements, Mortar Sand,

Tests 4 and 5

Soil Uniformity Measurements, Mortar Sand,

Tests 7, 8, and 9

Soil Uniformity Measurements, Mortar Sand,

T=sts 10, 11, and 12

Soil Uniformity Measurements, Mortar Sand,

Tests 14, 15, and 16

Soil Uniformity Measurements, Mortar Sand,

Tests 17 and 18

viii

ik

108

109

110

111

112

113

114

115

116




AFFDL-TR~-69-76
LIST OF TABLES

TABLE PAGE

1 Design Test Program . . . .« « « + « ¢« « &+ « - + = 14
, 2 Tire Geometry Data . . . . ¢ ¢« « « « o o ¢ « « & 18

3 Moisture-Density Data . . . . . + « « ¢« + ¢ o o 19
4 Test Bed Soil Conditions . . . . + « + ¢« « « « « & 19
5 Triaxial Test Results . . . . . « .« « + &« « & « & & 20
6 Drag-Sinkage Data = Clay . . « . « « « « o « + & . 23
7 Drag-Sinkage Data = Sand . . . . . .« « « + « o o« . 27 ’ '3
8 Basic Load Curve . . . . + « ¢« « « « o o s & + = 129

ix




AFFDL-TR-69-76

A, Al,Az

CBR

DI
Cl

CMN

i

Dl

DI

LIST OF SYMBOLS

Tire contact area (rigid surface)

Cone base area

Radius of loaded area

A variable related to the stress invariants
Tire width

California bearing ratio

Soil impingement drag coefficient
Average cone index of soil over 0" to 6" depth
Clay mobility number

Cohesion of soil

Dilatational wave propagation velocity
Tire diameter

Additional drag due to high speed effects
Cone diameter

Drag Index

Tire deflection

Young's modulus

Flotation Index

Redefined yield function for stress correction
Yield function

Modulus of rigidity

Space mesh

First invariant of the stress tensor

X




e

2|

Ol

SMNMN

U ol

Location identifier (column)

Second invariant of the deviatoric stress tensor
Location identifier (row)

Constant (= 1/2 pb)

Yield stress in shear

Soil deformation modulus (for cohesion)
Soil deformation modulus (for friction)
Tire footprint in length

Fraction of tire diameter

Number of tires

Unit normal vector to the function F

Fraction of tire width and
Exponent of sinkage

Operations Index

Single Wheel vertical load (tire)
Cone vertical load

Tire contact stress

Circular uniform pressure distribution
Constant

Single wheel rolling drag force (tire)
Braking drag force

Radial coordinate

Tire slip

Sand mobility number

Time

xi

el e e i e



rz

Ay

rz

)’

€ Eli, €
r’ 79
Acg

Ae , Ae
r

Ace
Z

el

Time duration of load pulse

Time increment

Displacement, velocity, and acceleration in the r-direction
Incremental radial displacement

Aircraft horizontal ground velocity

Incremental work done on soil medium

Displacement, velocity, and acceleration in the z-direction
Incremental vertical displacement

Instantaneous soil sinkage

Vertical penetration of cone

Downward space coordinate

Soil parameter related to the friction angle and
Vertical load-contact area ratio

Constant used to define loading and unloading
Weight density of soil

Shear strain in the r-z direction
Incremental shear strain in the r-z direction

Trace of the strain tensor, er +e_+ €
VA

6
General strain tensor
Normal strain in the r, § and z directions

Incremental trace of the strain tensor, Aer + Aee + Aez

Incremental normal strain in the r, 8, and z directions

Siress correction factor

Tangential angular coordinate

xii




Lame's constant

Scalar factor in the normality flow rule
Poisson's ratio

Soil friction angle

Mass density of the soil

General stress

Normal stress in the r, 0, and z directions

Applied pressure

Incremental normal stress in the r, 6, and z directions

Shear stress in the r-z direction

Incremental shear stress in the r-z direction

xiit

R, A

B Ty I o L SN, SR s PP




SECTION I
INTRODUCTION

The problems associated with the operation of aircraft on forward
area soil runways are well documented. These problems include drag
resistance due to soi! sinkage, dynamic structural loads caused by sink-
age and ground roughness leading to structural damage and excessive
fatigue accumulations per aircraft mission, multiple pass effects related
tov continued ruaway use, and limited runway lengths and widths for landing
and takeoff operations.

In order to develop the criteria for the efficient and effective
vtilization of soil runways while including adequate safety provisions, it
is necessary to understand the interaction effects between the tire and
soil during rolling and braking modes. In the past, tire-soil interaction
studies have been conducted mainly in the area of off-the-road mobility
for military vehicles. More recently, significant advances have been
made toward defining landing gear-soil interaction and developing the
flotation criteria to permit comparative evaluation of the relative merits
of various landing gear configurations(lo 2,3,4), Flotation in this context
is defined as the tire-soil interaction and the ability of the soil to support
the tire load system.

The basic objective of this program is to analytically define landing
gcar-usoil interaction and to develop a system for rating the relative flo-
tation capacity of landir. gear contact elements and landing gear systems
during aircraft operations on semi- and unprepared soil runways. The
primary variables associated with evaluating the flotation capacity of a
landing gear system include drag, sinkage, multiple wheel effects, and
braking effects. Secondary variables which influence flotation capacity
include turning, landing impact, and point of rotation effects. The Rela-
tive Merit Index (RMI) is the system for incorporating these primary and
secondary flotation variables in a suitable manner to permit the compara-
tive evaluation of the flotation capacity of landing gear types and config-
urations. Phase I(1) of this program included a survey of the flotation
problem, establishment of the critical flotation parameters, and an in-
vestigation of available flotation data leading to the development of a flo-
tation analysis equation.

Phase II, described in this report, included the development of
an empirical sinkage prediction equation, a finite element based analytical
sinkage prediction equation, conducting the single-rolling wheel verifi-
cation tests, refinement of the drag ratio-sinkage ratio relationship, and
the development of the single wheel Relative Merit Index (RMI) system for

o
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defining comparative flotation capacity. The Phase III portion of the program
will include the development and verification of multiple wheel, high velocity,
and braking flotation effects and the establishment of the finalized RMI in-
dexing system leading to the development of a final flotation criteria for de-
fining aircraft performance on semi- and unprepared soil airstrips. A flow
chart indicating the overall flotation research program is shown in Figure 1.




B b e e e

weiBord YoIessay UOIIRIOT I PUR UO[3ORIVIUI s[jog-Iwen Sujpue] pajdaford [ 9inBry

LIPLHPleX PRIT X1
ssauubnoy
ssedpinw

sisAieuy suopredg

1980w sIlos iy

bujuiny "Bupimsg sleoum aIdIny

SeSSRd-NINW obuwy A12019A 1104

sseuybnoy ejuj 6e.q ‘ebewu|S

Suo|nJedg. 58pr|ox3 S8pN|IL|

HeJddjy- {%0€ ¥ ) SPARDUMS |WY 4O dUBWUS|IGMS]
$04(]- o

sbuiey |wy

YO0GPURK - | WY UOISJOA 11y
SIS9) uo| Iy ue A Bupneag

‘ sisAieuy uojimiol4 Buye.g (1 950Ug ~1iodey #ulg
-

SI58L Uo|JR|jsRA 18umiIny ($84]1 ye42)y ) sbujiey uojimoiy
S1SA1RUY UDRTIOYS BIUMIINY LIWY) X0pu| Haaw aajieey AJeulw|leld
WBWeII A ulg--- SIS0 UOIIY(I0A 199y m 916ulS
(6uiyesg puy 193um a1dnw) uojienby abenuys (eARUY (%06 3 ) Uojienta ebmyuys (e01dw3
o — SUORENDT UoHIIpe. 4 aBmU(S 40 me Az y
“SA : an

(Bulioy puy (m114eA} UoReNt ebINLIS 1EOLAIRUY e Sl AR
SOIQRIIRA UO|IMOI4 4O UORiUleQ
W |ARY £3(1190W PuYy UolImO|4

DNNNNANNNNZ2ZINA NNNANNNNAN

26T ‘Aew 1261 ‘Amw 0461 ‘AWW 6961 ‘AVW

1 9SRUd -Li0day (Bujy

8961 'AWW 1961 ‘Avw




SECTION II
DRAG-SINKAGE ANALYSIS

1, Drag Ratio-Sinkage Ratio, Single Wheel

The drag Jorces exerted by the deformed ground on the aircraft
wheel are an important consideration in relation to aircraft thrust for
determining the takeoff capability and required runway lengths for air-
craft operations on soil surfaces. The results of the Phase I effort
indicated that flotation performance of aircraft operating on soil runways
is directly related to the sinkage and drag encountered by the aircraft
tire.

In the Region II velocity range (5 knots to 40 knots), the drag has
been shown to be directly proportional to the sinkage(l) as expressed by
the functional equation

R/P = {(Z/D) (1)
where
R = rolling drag force
P = vertical tire load
Z = instantaneous soil sinkage
D = outside tire diameter

Region II has previously been shown to be a velocity range in which the
drag ratio (R/P) and sinkage ratio (Z/D) remain relatively constant(1)_
Subsequent to the development of the initial drag ratio-sinkage ratio
relat‘onship, additional flotation data became available from the Single
Wheel Verification Test Program and the Lockheed-Langley Test Pro-
gram(4). Figure 2 presents the drag ratio (R/P) versus sinkage ratio
(Z/D) based on all available flotation data(3, 4 5,6,7,8)  The flotation
data includes the full range of soil type (cohesive to cohesionless) and
tire diameters from 18" to 70", which encompasses the range of tire
sizes for military aircraft. The Lockheed-Langley tests measured rut
depths rather than sinkage (Z). Measured rut depths in the buckshot
clay were converted to instantaneous sinkage for inclusion in Figure 2
using elastic rebound corrections determined from previous aircraft
tire tests on buckshot clay(8) and the results of the Single Whee!l Veri-
fication tests for which both permanent rut depth and elastic deformation

were measured.
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A least squares linear fit of the data given in Figure 2, using
Equation (1) yields a drag ratio-sinkage ratio as given by

All Soil

|

= 0.018 + 3.23(Z/D) (2)
Z
for 0.01 SB <0.12

The positive R/P intercept at zero sinkage is expected since some rol'ing
resistance (friction) is present at zero sinkage. A closer evaluation of
Figure 2 shows a distinct trend of the sand drag ratio relationship in
comparison to the clay drag ratio relationship. A least squares linear
fit of the data for each soil type gives

Cohesionless Soil

R YA

== 0.04 .

= 0.048 + 2 77(3) (3)
Cohesive Soil (4)

R Z

P - 0.000 + 3. 85(D)

which indicates that aircraft tires encounter more drag at low sinkages
when operating on sand in comparison to clay but encounter less drag at
high sinkages on sand in comparison to clay. Based on an analysis of
Figure 2, however, Equation (1) provides a good first approximation for
evaluating rolling drag for aircraft tires on any soil type within the re-
stricted range.

2, Drag Ratio-Sinkage Ratio, Multiple Wheel

The influence of relative wheel positions in multiple wheel config-
urations must be considered in evaluating drag and sinkage effects for
aircraft tires on soil. Two types of multiple wheel configurations are of
interest: dual (twin) and tandem as indicated in Figure 3. An important
consideration for tandem tires is the extent to which the rear tire follows
in the track of the lead tire.

While dual tires with close spacing are, in many instances, objec-
tionable for off-the-road powered wheel vehicles, close spacing of air-
craft tires offer some slight benefits(1: 5) in reducing total rolling drag
below that which would be encountered if each wheel operated as an isolated
wheel. Although very little twin wheel data is available, Figure 4 provides
an indication of tire spacing effects on the resulting drag resistance.
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Figure 3 Multiple Wheel Landing Gear Assemblies
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Considerable reduction in drag can be expected in tandem tires
operating on soil when the rear tire follows in the forward tire's track
since the rear tire will undergo less sinkage. Figure 5 shows this tandem
tire effect for clay soil as a function of tandem tire spacing, The higher
drag encountered at 123 inch spacing in comparison to the 60 inch spacing
is probably related to elastic rebound of the soil after passage of the lead
tire.

Figures 4 and 5 show that a '""configuration sensitivity" exists for
determining drag on multiple aircraft tires and indicates the need for a
separate flotation criteria for twin and tandem tire configurations. The
results of previous multiple tire studies conducted by WES(8) did not
recognize any difference between twin and tandem tires when determining
a load adjustment for the equivalent single wheel load,

The results, although preliminary, indicate the need for additional
rescarch in order to develop the required flotation relationships for mul-
tiple tire configurations.

3, High Velocity

Aircraft ground speeds range from static conditions up to landing
and takeoff speeds of 120 knots. Only recently have these high speed effects
been recognized as a separate ghenomena from low speed performance in
analyzing flotation effects(ls 3, %) Figure 6 shows the typical trends of
the drag ratio and sinkage ratio versus horizontal speecd for aircraft tires
operating on soil, and indicates at least three distinct zones of velocity
response. At low speeds (less than 5 knots), the drag ratio undergoes
considerable change with velocity due to the viscous effects in the soil.
From 5 knots to approximately 40 knots, the drag ratio remains relatively
constant, indicating that the rate of loading effects are no longer significant.
In the third velocity region, the drag ratio increases rapidly, peaks at
what has been termed the '"planing speed"”, and then decreases. The '"planing
speed' is apparently a function of the soil type, soil strength, and tire
inflation pressure(:’g.

There are at least two ways to consider the drag ratio response
in the Region III velocity range. On the assumption that a tire traversing
soil at high velocities responds the same as tires operating on slush,

e T T -
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Boeing(3) utilized the drag equations developed for slush conditions and
interpreted the drag as

D' = KCpy Z v? (5)
where D' = additional drag due to high speed effects
K = cunstant related to soil density (p) and tire
width (b) = 1/2pb
CDI = soil impingement drag coefficient
V = horizontal velocity

The soil impingement coefficient, which must be determined experimentally,
has not correlated well with the variables of soil strength and tire inflation
pressures in a recent experimental effort{4). The drag defined by

Equation (5) must be added to the drag developed in Region II (see Equation 2)
to determine the total drag acting on the tire in the Region III velocity range.

An alternate approach would be to study the relationship bztween total
drag and instantaneous sinkage in a manner similar to that defined by
Equation (1). If a direct correlation exists between the drag and sinkage,
then the rapid increase in drag should be attributed more to rate loading
effects in soil (i.e., sinkage response related to rate of loading) than to
changes in tire contact geometry effects.

While only a limited amount of high speed data is available, Figure 7
shows the results of a recent experimental program(4). For comparison
purposes, both the least squares fit of the high velocity test data and the
least squares relationship of Equation (2) for the Region II velocity range
is shown. The Region IlI defining equation is given by,

R z
B - .038 + 3.53(3) (%)
1

for 0.0 <0.06

S
D
These results indicate an approximate 15% difference in the drag ratio
response. While sufficient experimental evidence is not available at this
time to suggest that the drag ratio-sinkage ratio relationship of the form
of Equation (1) can be used to interpret drag throughout the entire velocity
range, it does indicate that research efforts in studying the effect of rate
of loading on soil sinkage may ultimately explain the Region III drag ratio
response and ''planing speed' effects rather than tire geometry change
effects.

11
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SECTION III
SINGLE WHEEL VERIFICATION TESTS

1. Purpose

The results of the drag ratio/sinkage ratio relationship shown in
Figure 2 includes the test results from the Single Wheel Verification Test
Program and describes the basic rolling tire-soil interaction phenomena.
This test program was conducted to

1. provide additional confirmation of the preliminary drag ratio/
sinkage ratio relationship developed in Phase I;

2. provide experimental data for the development of an aircraft tire-
soil interaction empirical sinkage equation; and

3. provide experimental data for the preliminary verification of the
finite element based-analytical sinkage prediction equation currently under
development.

All tests conducted were single pass only.
25 Test Program

To accomplish these objectives a test program was formulated as
outlined in Table I. The tires, loads, and soil parameters were selected
to provide a range in sinkage of from 1/2 inch to 3 inches in the sand and
clay. The following parameters were measured and evaluated in the
program:

wheel vertical load

wheel drag load

tire deflection

tire contact geometry (rigid)

soll properties (type, strength, and mcdulus)
instantaneous soil sinkage

permanent rut depth

horizontal wheel velocity

3. Test Facility

All tire-soil interaction tests were conducted at the U.S. Army
Engineers Waterways Experiment Station (WES) Mobility and Environmental
Divisions Test Facility., The basic facility corsists of a row of soil carts
joined end to end in which processed soil is placed at predetermined conditions
prior to conducting a tire test. The test carriage dynamometer is suspended
from an overhead rail system which guides the carriage over the row of

13




Tire
Type

7.00-6-6PR

Diameter

(in)

18.5
"

Width Defl.
(%)

(in)

28

45

"

28

45

28

45

Table 1

Vertical
Load
(1bs)

300
500
700

500
1000
1300

500
1000
1300

1000
1500
2000

500
625
700

500
800
1000

1000
1500
2000

500
800
1000
1300

1000
1500
2000
1000
1300
1500

14

Design Test Program

Soil
Strength
(CI)

25

1"

Velocity
(ft/sec)

20

"

Soil
Type

Mortar Sard

Mortar Sand




P T

soil carts. The test carriage is towed by a steel cable attached to the
carriage. Vertical and drag loads are measured using strain gage type
load cells mounted within the dynamometer system. Figure 8 shows a
view of the overall test system and Figure 9 shows a 7.00-6 Type III
aircraft tire mounted in the carriage dynamometer. A complete descrip-
tion of the Test Facility is available in a previous WES report(g).

4, Test Tires

Two test tires were selected for the program which provided an
18 inch to 25 inch range in tire diameters. Figures 9 and 10 show the
7.00-6 and 8.50-10 Type III tires, respectively, and Table 2 gives the
pertinent tire geometry data. Each tire was subjected to a series of
cyclic loadings before the tire-soil interaction tests to eliminate any
prestress effects.

5. Soil Tests and Preparation

The two test soils selected for the program were buckshot clay
and mortar sand. The main intent of the soil tests was to provide an
accurate description of the test bed soil and lis uriformity of placement.
Soil tests conducted included moisture and density determinations, mo-
bility cone penetration resistance (CI), California Bearing Ratio (CBR),
and plate bearing resistance. A complete description of each soil test
is given in Appendix I.

The results of the moisture-density determinations are sum-
marized in Table 3.

In order to establish a relationship between the cone index, CBR,
and plate bearing modulus values for use in the sinkage comparison
study, controlled cone penetrometer, CBR, and plate bearing tests were
conducted for each soil condition. These results as given by the average
cone index over 0 to 6 inches, the average surface CBR at 0.1 inch pene-
tration, and Bekker modulus values are summarized in Table 4.

Some difficulties were encountered in determining the Bekker
parameters, since the semi-logarithmic plot of the penetration resistance
versus sinkage for each plate size did not yield parallel lines as required
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Figure 9 Type IO, 7.00-6 Test Tire

Figure 10 Type III, 8.50-10 Test Tire
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Table 3

Moisture-Density Data

Average Conditions

Test Design
Section Soil Type Soil Strength Dry Density Moisture Content
CI, ,4(0t06") (pcf) (%)
1 Buckshot Clay 50 79.9 36.9
2 Buckshot Clay 25 75.1 42,2
3 Mortar Sand 25 99.5 2.5
Table 4

Test Bed Soil Cor litions

Test Design I Bekker
Section Soil Type Soil Strength avg Parameters
CI (0to6'') O to6" CBR k¢ k n
avg ®
1 Buckshot Clay 25 25.6 0.8 4.4 10.6 0.05
2 Buckshot Clay 50 48,2 1.4 4.0 22.2 0.09
3 Mortar Sand 25 27.0 0.7 c 4.0 0.4
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by the Bekker sinkage equation. Figure 11 shows the results of a com-
parison between the average cone index and the CBR based cn the data
used in developing Table 4. An approximate relationship between Cl,yg
and CBR as shown by the dashed line in Figure 11 is given by

C i) = 32 7
Iavg(pm) 32 CBR (7)
which is similar to the results found from previous studies(4),
Undrained triaxial tests were also run on undisturbed samples of
the sand and clay taken from the soil carts to determine the cohesion and

friction components of the soil strength. These test results, which are
described in detail in Appendix I, are summarized below in Table 5.

Table 5

Triaxial Test Results

Design Moisture
Test Soil Strength Triaxial Results Content
Section Soil Type CIavg(O" to6') c ) w, %
1 Buckshot Clay 25 202 1° 41.5
2 Buckshot Clay 50 382 1° 38.0
3 Mortar Sand 25 0 36° 0.5

These results are used in defining the yield and plastic deformation con-
ditions in the finite element sinkage prediction equation.

6. Test Results - Buckshot Clay

A total of 14 tire-soil interaction tests were conducted on the clay
soil with the 8. 50-10 tire and 6 tests with the 7.00-6 tire. Before each
test run, cone penetrometer tests were run at two meter intervals to verify
the uniformity of soil conditions. The results of these soil uniformity tests
for each test condition (by test number) are given in Appendix [I. The test
parameters previously detailed were measured for each test run. Drag and
vertical loads were measured continuously along the test track by the
dynamometer load cells and recorded in oscillographic traces which are
permanent records. Axle height was also recorded continuously along the
test run and was used for calculating the instantaneous tire sinkage(lo).
Instantaneous soil sinkage gages previously used by WES(8) were inserted
in a number of test runs to verify the sinkage determinations. Rut depths
were determined by the difference between the original soil surface and the

20
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final soil surface after passage of the tire. The difference between the
instantaneous sinkage and permanent rut depth is the elastic rebound. All
tests were conducted at an approximate horizontal velocity of 20 feet per
second. The complete results for the tire-soil interaction tests are sum-
marized in Table 6.

One way in which increased flotation can be obtained is to increase
the tire deflection. Figure 12 shows this influence in terms of the reduced
sinkage and drag. Although applicable only to these tires and soil conditions,
a change in tire deflection from 28% to 45% caused an approximated one-
third reduction in drag. Figure 13 shows the variation of the drag ratio (R/P)
with sinkage ratio (Z/D) for each tire and percent deflection. No clear
separation of the data exists by tire deflection. Equation (2) is also shown
on Figure 13 and shows again the tendency toward higher drags at higher
sinkages for aircraft tires on clay soil than for the average of sand and
clay (all soil line).

As indicated by Figure 13, it is necessary to predict sinkage in
order to estimate drag. Previous efforts (2) and the analysis in Section IV
of this report have shown an empirical relationship between the sinkage
characteristic (Z/£) and the load-strength ratio (a/Clyvg) where

L = contact footprint length (rigid surface)
a = ratio of vertical load (P) to rigid surface contact area (A)

CIavg = average cone index over 0'" to 6" depth

Figure 14 shows the results of the tire-soil interaction data plotted
in this manner. It is evident from these results that as the c,/CIavg ratio
exceeds approximately 0.6, the sinkage characteristic increases more
rapidly than in the 0.2 to 0.6 range. Since drag is directly related to sink-
age, the drag will increase in a corresponding manner.

T Test Results - Mortar Sand

A total of 6 tire-soil interaction tests were conducted on the sand L
soil with the 8.50-10 tire and 6 tests with the 7.00-6 tire. Prior to each
test run, the uniformity of soil placement was investigated by running cone
penetrometer tests at two meter intervals along the test section. The re-
sults of these tests are given in Appendix II. As in the clay tests, the basic
parameters measured were vertical load, drag, sinkage, and rut depth in
addition to the tire and soil parameters. The complete results for the tire-
soil interaction tests on mortar sand are given in Table 7. All tests were
run at a horizontal velocity of 20 feet per second.

The drag ratio-sinkage ratio results for the sand are shown in
Figure 15, together with the least squares fit line for all available data as
defir2d by Equation (2). Reference to Figures 13 and 15 shows that rolling

22
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2.5

8.50~10 TIRE
CLAY,Clav6=25.6
—— SINKAGE
P=13001bs ———DRAG 4 600
= 20}
£ --...___& 1400 3
i P=13001bs =0 =
i o =
< f ~—--0 4200 @
(1
Z 15F P=1000 Ibs o
H100
4 80
- 60
BAS P=1000 lbs i % ‘
| |
’ 28 35

TIRE DEFLECTION, d(%)

Figure 12 Tire Deflection Effects on Drag and Sinkage,
8.50-10 Tire
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aircraft tires perform differently on clay and sand soil in terms of the drag
ratio response although these differences may at most be only #25% through

the range of 0.02 S—IZS = .12,

Figure 16 shows the results of the sinkage characteristic versus
load-strength comparison for sand and it also illustrates the rapid increase
in sinkage (and drag) for n/Clayg ratios in excess of approximately 0. 6.
Similar reductions in drag for increasing tire deflections as shown for clay
in Figure 12 also occur for aircraft tires on sand.

8. Summary

Whiie the Single Wheel Verification Tests were limited in the range
of test parameters, these results, as well as other available flotation data,
substanti'* ‘he basic tire-soil interaction equation previously developed(l)
and subse. '« :y refined in Equation (2). These results have also shown
that differen. urag ratio/sinkage ratio relationships exist for aircraft tires
on sand and clay soil, although Equation (2) provides a good approximation
for defining drag for all soils. The R/P versus Z/D relationship shows that
if sinkage can be predicted, then drag can be determined for aircraft tires
operating on soil. Interpretation of these test results leading to sinkage
prediction equations are given in Sections IV and V,
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SECTION IV

SINKAGE PREDICTION EQUATIONS

1. General Considerations

The results of the Phase I and Phase II research effort have shown
that flotation performance of aircraft operating on soil runways is directly
related to sinkage and drag encountered by the aircraft tire. In the Region II
velocity range as defined by Equation (2), and pzrhaps in the Region III
velocity range as shown by Figure 7, the drag has been shown to be directly
proportional to the sinkage for rolling tires. Based on this relationship,
the critical parameter in determining drag on an aircraft wheel is sinkage.

If a prediction can be made of the anticipated sinkage, then the developed
drag forces can be determined within suitable limits for calculating tlo-
tation performance of aircraft tires on soil runways, A previous review(1)
of presentl{ used empirical sinkage prediction equations, such as Bekker(11)
and Boeing 3) which were developed primarily for mobility analysis, indicated
that these equations were not sufficiently accurate to provide the required
confidence in the prediction of flotation performance. In order to develop
more accurate sinkage prediction techniques and to develop the required
flotation performance criteria, an empirical and an analytical (finite element)
sinkage prediction analysis were developed for incorporating those variables
and conditions specifically related to aircraft operations on soil runways,

2. Sinkage Prediction - Empirical

Numerous experimental and analytical efforts(3 11, 12) have been
undertaken to develop load-sinkage equations which adequately interpret
soil properties as related to soil deformation characteristics under loading.
For rolling wheels on soil, the complex soil response involves elastic,
viscous, and plastic deformations. Previously developed einpirical sinkage
prediction equations have mainly been directed at analyzing off-the-road
mobility of transport trucks and vehicles and armored vehicles. While the
aircraft on soil problem shares many common variables with the off-the-
road mobility problem, sufficient simplifications exist to permit the develop-
ment of an empirically based sinkage prediction equation related primarily
to aircraft type tire interaction with unprepared scil airstrips.

The soil property measurement selected for referencing the soil is

the average cone index over the 0' to 6" depth. While most of the tire-sink-
age experimental data available used the cone index as the soil strength
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measurement, the primary reason for selecting the cone index as a ref-

erence is based on an analysis of the variables associated with the cone

penetrometer. These variables include Pc, AC, DC, v, ¢, @, and Z where:
c

Pc = cone vertical load (lbs)

Ac = cone base area (in?)

Dc = cone diameter (in) .I
Y = unit weight of soil (lb,/ina) ‘
¢ : ssil cohesion (1b/in?)

@ = soil angle of internal friction ,
Zc = vertical penetration of cone (in)

For clay type soils (p=0), arranging these variables in a dimension-
less array leads to

ZC P/AC
1 e (8)
DC YDC YDC

Since the cone index is normally defined at Z, =6'" or as an average over a
6 inch depth, Z.,_/Dc will be constant and Equation (8) can be arranged as

PC/AC . |
= f( ) (9) |
vD YD, I

For conesionless soils (c¢=0), a similar analysis of variables leads to

Zc PC/AC
f B_r —,Y—T)—’ (10)
C C

Again, for Zc/Dc being constant, the above equation can be written ¢ s

P /A

YD

= {() (11)

Since the cone peneirometer has a constant diameter and the cone index is
defined as the ratio Pc/Ac’ Equations (9) and (11) indicate that cone pene..
tration readings taken in cohesive and cohesionless soils will provide a
comparative evaluation of the soil (y,c; or vy, ®).
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Some of the drag-sinkage data included in the sinkage analysis used
different soil parameters (e.g., CBR) for soil reference. Conversion of
these soil parameters to equivalent cone index were made using techniques
previously developed (1) for specific soils to provide a common reference
basis,

The primary concept behind the development of the sinkage prediction
equations was simplicity in the application of the equations developed while
still maintaining reliability in the sinkage prediction commensurate with the
known response of soil. Previous studies 3,6,13, 14) have indicated that in
the Region II velocity range, the effects of tire tread, tire ply, soil viscosity,
and soil inertia are not significant variables in determining sinkage. The
variables selected for inclusion in the araiysis are

Z,L, A, P, and CI
avg

where £ =tire contact footprint length (rigid surface) at applicable
tire deflection
CIan = average cone index over 0" to 6' depth.

"L+ basic dimensionless equation format selectea was

z __(P/A\ _ a
) 'f(CI ) ‘f(CI / (12)
avg avg

where % = sinkage characteristic (as distinguished from the
sinkage ratio, Z /D)

CIa = load-strength ratio.

avg
The effect of drag on sinkage due to interaction effects was not included in
the basic sinkage equation since the range of interest for the drag ratio is
normally lese than 0.30 for effective aircraft operation on soil surfaces.

Cohesive Soils

A limited amount of sinkage data was available for aircraft opera-
tions on clay soil. The results of the analysis (3,4,8,14,15,16) ypich
include the more recent Lockheed-Langley and Single Wheel Verification
Tests are shown in Figure 17. The data shown in Figure 17 includes two
different clays (Harpers Lake and buckshot), tire diameters ranging from
18 inches to 70 inches, tire deflections from 15% to 60%, and equivalent
average cone indices (CBR converted to CI) ranging from 16 psi to 600 psi
with sinkages from 0.25 to 4.0 inches.
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Based on an examination of the data shown in Figure 17, the
sinkage can be defined in two different ranges as given by

zZ a
£ - _.0.03 + 0.1 3
r + 9CI (13)
avg
for 0.20 € ——=—< 0. 60
or . CI -
avg
and Z a
£ - o, X 4
= -0.11+ 0.33 5 (14)
avg
for 0. 60 g 0.90
or 5 < CI < -
avg

The negative constant coefficient in Equations 13 and 14 results from the
limited load-strength ratio range used in the analysis. Reference to
Figure 17 indicates that if the available data is representative of clay type
soil response under aircraft tires, sinkage predictions within the 90%
confidence limits would be within a 240% accuracy based on the use of
Equations 13 and 14 within its restricted region of application.

Cohesionless Soils

Considerably more sinkage data(4’ 14, 17) was available for tire
operations on cohesionless soils. Unlike the clay data, however, much of
the data from the experimental studies in sand did not use aircraft type
tires. Sufficient data was available, however, to examine the effects of
such additional variables as perceit tire deflection (d) and tire diameter
to width ratio (D/b) to show that extensions of the existing analysis could

) be made to include interpretation of sinkage performance of aircraft type
tires cperating on cohesionless soils,

To examine the influence of tire deflection, linear least squares
fits were made for tire deflections of 15%, 25%, and 35% for the 4,00-18
and 9, 00-14 tires. These results as shown in Figure 18 indicate no
consistent trend in the sinkage-footprint length ratio for varying tire
deflections. An examination was also made of the influence of the tire
diameter-to-width ratio on the sinkage characteristic (Z/4). Aircraft
tires have a tire diameter-to-width ratic ranging from approximatelv
2.8 to 3.6. Figure 19 was developed to show the effect of the D/b ratio
on the operating level of each tire as determined by the variation of the
sinkage characteristic (Z /L) with the load-strength ratio. The linc
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representing the operating level of each tire is the linear least squares
fit line for ali available data for that tire. Analysis of Figure 19 shows
no consistent relationship of the sinkage characteristic (Z/4) with tire
diameter~to-width ratio.

Based on the results of these comparisons, available sinkage
data (4, 14, 17) i cohesionless soil, which includes the Lockheed~Langley
and Single Wheel Verification tests presented berein were examined based
on Equation 12. The results of this analysis, as shown in Figure 20,
includes three different soils, tire diameters ranging from 18 inches to
42 inches, tire deflection from 15% to 45%, and average cone indices
ranging from 15 psi to 325 psi with corresponding sinkages from 0.25 to
3.0 inches. The sinkage response is defined by two ranges as

a

& -0.015 + 0.24 = (15)
L ‘v‘I
avg
for 0.15 £ —*— < 0.70
CI
avg
and Z _ _a
, = -0.020 + 0.50
avg

a
for 0.70 Sa——- < 1.00
avg

Analysis of Figure 20 indicates that sinkages can be predicted based on the
90% confidence limits within an approxirmate accuracy of £40% for the
indicated region of application.

In order to provide an indication of the range of performance for
aircraft tires operating on cohesive and cohesionless soils, Figure 21 was
prepared illustrating this range. It is evident from reference to Figure 21
that for all other conditions being consta..t, sinkages in cohesionless soils
are larger than in cohesive soils.

3n Sinkage Prediction - Analytical (Finite Element)

The empirical sinkage prediction equations, as indicated in the pre-
ceding section, can at best predict sinkage to within an approximate accuracy
of +40% based on 90% confidence limits for the restricted range of soil
properties used. Since using an empirical approach alone to develop adequate
sinkage prediction equations for all soil types and loading conditions is
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prohibitively costly and time consuming, an analytical approach using the
finite element technique was developed to give a more rational approach
to sinkage prediction and to provide a long term solution to sinkage pre-~
diction for any contact element in soil. The results of this analytical
approach, when correlated with presently available experimental data,
should lead to more dependable sinkage prediction for a broader range of
soil properties and loading conditions.

The analysis developed considers the soil as an elastic-plastic
medium described by the best currently available plastic flow stress-
strain relations and yield criterion, and the action of the tire is considered
as a pressure distribution applied on the surface of the medium. The
sinkage is then equivalent to the surface displacement due to the applied
pressure distribution. To obtain the surface displacement, then, requires
the development of the complete stress and displacement solutions of the
elastic-plastic problem,

The Vertical Pulse Loading Problem

Initial efforts were directed at determining the sinkage caused by a
rolling aircraft wheel where the loading condition was approximated,
according to a dynamic analogy (1), by the action of a stationary wheel
subjected to a time dependent vertical pulse load. The interface tire-soil
contact stress distribution was approximated by a uniform pressure distri-
bution applied on the surface of the soil medium over a circular area
equivalent to the tire footprint area (see Figure 22). The magnitude of the
pressure was taken to be equal to the average pressure experienced by a
point near the surface of the soil when a rolling tire moves across the
point. The dependence of the pressure at a point in time has been experi-
mentally measured for land vehicles {18) and has the form of a load pulse
as shown in Figure 23. The peak pressure of the pulse is related to the
vertical load on the aircraft tire, while the time duration of the pulse is
related to the aircraft ground velocity.

This vertical pulse is axisymr.ietric and is essentially a two
dimensional problem. The conversion of the actual problem to the vertical
case in using the finite element method leads to a simplification in the
solution over that of the more complicated three dimensional rolling wheel
problem. The three dimensional rolling wheel problem will be considered
in the subsequent phase of this research effur:.
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Circular Uniform Pressure Distribution = Py

Figure 22 Boundary Conditions for Stationary Tire Impulse l.oading
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The Elastic-Plastic Soil Medium

Recent works (19:20521) jpdicate that soil media can be simulated
as an elastic-plastic material, In the present problem, the soil medium
was assumed to be a homogeneous, isotropic, time-independent, tempera-
ture independent, and elastic-perfectly-plastic material. The elastic
deformation was assumed to obey Hooke's law, and plastic flow was assumed
to be described by an incremental stress-strain relation which is based on
the normality flow rule.

The yielding of soil is a complicated phenomenon and at present
there is no satisfactory theory to account completely for all the variables
in the yielding behavior of soil. The best currently available criterion is
the Prager-Drucker Yield Criterion (19, 22) which describes the yielding
in terms of two parameters, the cohesion and the friction angle of the soil.
These two parameters, which are universally recognized soil parameters,
can be determined from triaxial shear tests. While there are other indica-
tors of soil strength and deformation such as the California Bearing Ratio
(CBR) and the Cone Index (CI), these parameters, which are normally used
for empirical flotation and mobility studies, cannot be interpreted in rela-
tion to yield functions and plastic deformation in analytical studies.

Analytical Finite Element Approach = The Lumped Parameter
Iteration Method

A survey of past and current literature indicates that both the vertical
loading and rolling wheel problem can be solved using the finite element
approach. Finite element analysis has been used quite effectively in the
solutions of problems in nuclear blast effects (25) and dynamic soil response
of strip footings (23), These problems are quite similar to the present
vertical pulse loading problem. The primary advantages of a finite element
type of approach are:

1. It permits the inclusion of the plastic response of the soil.

2. It provides complete flexibility in applying surface geometry
and pressure boundary conditions (this is an important feature for extending
the work to other contact elements).

There are two finite element techniques that are applicable to the
vertical pulse loading problem. They are the direct-stiffness matrix
method (¢4, 27) and the lumped parameter iteration method (26), The latter
method was chosen for the present problem because the computer program
would be easier to develop and fewer problems would be encountered with
computer capacity, although it would require longer computing time.

/
/
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In the lumped parameter iteration method, the continuous soil
medium is divided into lumped mass elements called mass points, and spring
elements called stress points which can transmit both normal and shear
stresses between the lumped masses. These mass and stress points are
interwoven alternately as shown in Figure 24. In this model, the variables
are indicated only at discrete points. Consequently, displacements, velo-
cities, and accelerations may be prescribed and solved for only at the mass
points, while stresses and strains may be prescribed and solved for only at
the stress points.

The pressure boundary conditions are applied on the surface, z =0,
through a row of fictitious stress points (see Figure 24). Outside the limits
of the loaded area, the vertical and shear stresses of the fictitious stress
points are zero. Within the loaded area, the vertical stress of the fictitious
stress points are equal to the prescribed pressure, and for the present
problem the shear stresses are such that the radial displacement on the
surface is zero. A shear stress distribution can be prescribed in future
research efforts to take into account effects such as braking and turning.

Using the finite element model and the method of applying the boundary
conditions described above, the lumped parameter iteration method obtains
the solution of the problem by applying the prescribed pressure according to
the load pulse (see Figure 23) through small increments of time, and finding
the stresses and displacements at the discrete points of the model for each
increment of time by a point-by-point calculation and iteration procedure.

Governing Equations

The equations of continuum elasticity and plasticity, which include
the equations of motion, quadrature equations, yield and plastic equations,
strain displacement relations, and the constitutive equations, are given in
this section in the form applicable to the finite element model. These
equations form the basis for the development of the computer program.
(Refer to the List of Symbols for detailed nomenclature. )

(a) Dynamic Equations of Motion - It was shown by Ang (26) that the
equations of motion for the lumped parameter finite element model described
earlier are the same as the differential equations of motion for the corres~
ponding continuum model expressed in terms of central finite difference.

The differential equations of motion for the continuum model in the polar
coordinates are:
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Figure 24 Finite Element Model - "Lumped Parameter
Iteration Method"
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Ao AT o, -0,
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5 acu - r + 1'Z ' r 8 (17)
at2 ar dz r
Fw Bo‘z ' a"-rz Trz (18)
P 3t2 T 3z ar Tor

These equations written in central finite difference form for a typical mass
point (i, j) of the finite element model are: (The superscripts indicate the
time of the variables, and the indices enclosed in parenthesis indicate the
spatial location of the variables according to the indices shown on Figure 24.)

T s . t . . t .. 1 W
1 Ur(1+1:J)‘0r(1'an) Trz(l;J"'l)"Trz(llJ‘l)

W, = +
DAl Zh 2h 19)
19
T e . t 5 t -
g (l'lrJ)+0 (1+1:J) -0 (1"'1:.])‘()~ (1+1:J)
T r 0 e
+ .
2r,j)
L p t,. . t S
--t(i j) ) _}_ _0_Z_(i’J+ 1)‘0'z(11.]"1) N Trz(1+1:J)'Trz(1+l'J)
LS 2h Zh
(20)

t . ; t . o
Trz(l"‘ 1,j)+ Trz(l‘lrJ)]

¥ 2r (1, j)

Jd

For the mass points that lie on the axis of symmetry, these equations of
motion reduce to:

.ﬁt(i.j) =0 (21)
oo s t,. . t )
t o, (i, j+1)~o (i,j-1) 27 (i+1,])
SOl z P rz
Wi, g) = Zh & M (22)

(b) Quadrature Equations - The velocities and displacements at a
typical mass point at time t are approximately determined from the velocities
at time t-At, displacements at time t-At, and the accelerations at time
t-At and t by the quadrature equations which are derived as follows.
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By Taylor's series expansion,

foLt-A At (At)2 .t - AL
u u

t+(At)i1't_ +i=— (23)
.t Lt-At o tee At [AE)2 0t -
W =W + (At)w A +(—2—)—wt At+.... 24)
t t-At L -At (At)?,.t - 3t~
u = u + (At)u - ~I-L7)—Ult At+(éé£L L1t At+ ..(25)

= - !2 - 3.--'—
o =t At+(At)\x'/t At+(A2t o At+(—)—Aé = At+... (26)

Since 'ﬁ't-At _.d-h.t——At and
4 At

e ool -
e t = AL W - W A
w ~

At ’
Equations (23) through (26) can be written as

LB AN & H et = e
W= g +—42—(ut St el (27)

t Lt-At At t - At t

w =W +—2(w + W) (28)
_ - 2 - ?
s ut O + (At) «it at + (—LA; Tk A":+(—A-t—)— wt (29)

t t-A

- 2 - 2
who Wi B, At T At BY2 pt-At (At

( ..t
3 Y (30)

(c) Prager-Drucker Yield Criterion - The criterion states that if
the yield function, f, as defined below is less than zero, the stress point is
elastic, and if f is equal to or greater than zero, the stress point has
yielded.

Yield Function = f = al +7\/J - k (31)
where
I=0 +n,+0, (32)
J:-l—[(o -0 )2 4+ (0,-0)2 +(0 -0)2+67° (33)
6 M ] 6 =z Z r rz |’
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2 sin gy
MV A T Y (34)
b ccos . .
be = yield stress in shear, and (35)
3(3 - sing)

€ = cohesion

© = friction angle

(d) Incremental Strain-Displacement Relations -
n terms of displacernents are shown below in t
al stress point of the finite elesnent model,

The usual definiticn j

he incremental form
for a gener

t t
iy -Au(i+l,j)-Aq (i-1,1)
AEr(lsJ) = h (36)

t t
by = Bu i+, ) +aui- L j)
Aee(l,_]) = 25 (1, 3) (37)

t. t. .
A€;(i,j) :AW (1,J+l)-Aw (i, j-1)

By (38)
¢ 1 t. . t . . t. . e 4
AV (i j):_[AW(1+1,J)-AW(1—1,J)+AU (1,_]+l)—Au(1,_]-1)J (39)
rz'’ 2 2h 2h
where Aut = ut-ut-At (40)
AWt - wt-wt-Af (41)

For the stress points that lie on the

axis of Symmetry, the incre-
mental strain-displacement relations beco

me,
t Adt(i 41 i)
Ae (i, ) = b
Ael(i,j) = aeti, ;
ee »J) = er i, j)
t
Aaz(i, j) is the same as Equation (38)

b
Ay (i) =0

(44)




For the stress points that lie on the first row near the surface (that
is, j=2), relations for Ae;(i,j) and Aete;(i,j) are the same as Equations 36
and 37 or Equations 42 and 43, whichever apply, but Ayiz(i,j) and A€;(i,j)
are defined differently as follows: (See Appendix IV for detailed derivations. )

Incremental shear-strain - For stress points that do not lie on the
axis of symmetry,

t
g __}_[Aw (i1, j) -Aw'(i-1, j) , 280G, j41) - Au'(i- 1,5) —Autii+l,i)] (a5
Yz T2 2h 3h

and for the stress point that lies on the axis of symmetry,

AY_(i,5) = 0 (46)

Incremental vertical normal strain - If the stress point is elastic or
unloading from plastic state,

t .. - B o ol
A () = 0G0 i) -0, L 1) g [Aep i) +acy(ii)] (47)

and if the stress point is plastic and loading,

-A
Aep(i ) = o (i) -0, " =X [Ae (i) +Aeq (i )]

t,. . C t .ttt =g (-
Uz(l- j) or(l-J)Aer(l,J) +09(1. J)A€e(an) + Trz(l-J)Aer(l:J)

+Q|l———+B (48
2Vt 2\t

t. . 2
¢ t Uz(l’.])
+B[Aer(i,j)+Aee(i,j)] A +2G-0Q iy +B
2V

For the stress points that do not lie on the axis of symmetry,

Elm o I € D t. . i o s t . i
Oz(l, j) = 3 [Oz(l+1,_)-])+0z(l+1. j+1) +Uz(l-l,J-l) +cz(1-l, j+1)7 (49)
and for the stress point that does lie on the axis of symmetry,
tii) = 2 [ot(i41, j-1) + of(i+1, j+1)] (50)
o (i,j) =75 Lo, (i+l,] Hery
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and the symbols A, Q, B, and J are defined by Equations 55, 64, 63, and
33, respectively,

(e) Constitutive Equations - The incremental stress strain relations
applicable to the idealized elastic-plastic material for a typical stress point
are shown below with the (i, j) indexing omitted, since all the variables are
referred to the same stress point.

Elastic Relations - Hooke's law written in the incremental form:

t
Adt = et +26AE! (51)
r r
t
Ao, = \Ae + ZGAe; (52)
t t
Ac = )\Ae + ZGAe:t (53)
VA z
t t
A Teg = ZGyz (54)
where Ev 2VG
M2y " 1-2v (55)
act = act + act + Aet (56)
r 6 zZ

Plastic relations - The plastic stress-strain relations are based
on the normality flow rule which states that the plastic strain increment
tensor is given by

[ Ae..] = I\i , (57)
ij " L A
plastic ij

where f is the yield function defined by Equation 31 and A is a scalar
factor that depends on the current stresses for perfectly plastic material.
The final incremental stress-strain relations for Prager-Drucker yield
criterion were derived by Christian (19) and are presented below in
equivalent forms (27),

51




>
a
i

)\Ae + ZGAe -BQ

>
Q
i

taek § ZGAeg - 8Q

t t %
AAe +2GAe -8

>
Q
I

t
=
A'rt :ZGA\/t -BQ el
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t
1+v I
B = -
1-2v 6W/Jt
4G
Q"l 6(1+v)a?
1-2y
e {l if AW >0, loading

0 if AW < 0, unloading

Then, the stresses at time t are:

t
5 z'\/—

t

t
z Z ZV——

AW =0Ae +0Ac,. +0 Ae + 7 Av
r r Z Z rz

+B +BAe
2

.\/'—

09 t
+B| 22— + BAC!
2Vt 2Vt
t
_Zz AWt
—_— + BAe

Ve

\z'\/—

rz

%, I, J are defined in Equations (32) through (34).

(59)

(60)

(61)

(62)

(63)

(64)




Stress Correction for Perfectly Plastic Yielding - The soil
medium has been assumed to be a perfectly plastic material, that is, there
is no strain hardening. This type of material requires that a“ter yieldiig
occurs, the yield function f must be near zero and not signif_.cantly above
zero. Since computational errors usually cause f to vary rignificantly
from zero, a form of correction on the stresses are usually applied. In
the present problem, the corrections were applied such that the correction
stress vector is normal to the yield function treating each component of the
stress tensor, thatis, 0., 0Ogy Oz, Trz, and T, as independent variables.
The detailed formulation of the correction equations are presented in
Appendix V and the resulting equations are shown below.

! L

= 22 _
0, = (1-1) o_+n [(1+6a®)3 - 2ak] (69)
oL = (l-mc, +m [(1+6a®) - - 20k] (70)
8 8 3
! I
0z=(l-n)oz+n[(l+6a2)-§-2ak7 (71)
=1
T 3 -T\)Trz (72)
__ J-(k-aD)?
where n = 27 + 1207 (k - o) (Note that the numerator is not (73)

zero since f £ 0,)

! ] 1 !
and ¢, 0o, 0, T are the corrected stresses.
r A Z rz

Numerical Procedure for the Development of the Computer

Program

For convenience in the numerical calculations, the above

governing equations were first expressed in terms of dimensionless variables.

The dimensionless variables were formed in the following manner: the
variables having a dimension of stress were divided by the vield stress in
shear, k, (see Equation 35); the variables having a dimension of length were
divided by the radius, a, of the applied surface pressure distribution; and
time was divided by the time duration of the pulse, tq.

The pulse curve of the applied pressure on the surface of the soil

was approximated by linear segments. For each segment, the change in
pressure thrcugh an increment of time was determined. The size of the time

53

it . e ol B St




increment was determined from critcria that will be discussed in a subsequent
section. For each increment of time the stresses at the fictitious stress points
in the plane (j =1) were changed based on the pressure increments of the
particular linear segment of the approximate pulse curve. Then the following
steps were performed starting with the mass point at (i, j) = (3,2):

(1) The accelerations i and w at time t were obtained by means
of the dynamic equations of motion, Equations 19 and 20 or Equations 21 and
22, using the most current stresses that were known at time t (if not known,
those at time t-At were used).

(2) The accelerations at timme t and the acceleraticns, velocities,
and displaccments at time t-At were then substituted into the quadrature
equations, Equations 27 through 30, to give u, w, u, and w at time t. Then
the incremental displacements, Aut and Awt, were obtained from Equations 40
and 41.

(3) The stresses at the three stress points immediately surround-
ing the mass poiut (i, j), that is, the stress points (i,j+1), i-1,j), and i+ 1, j),
were recalculated rccording to the following steps for each stress point:

(i) The yield indicating table was checked to determine if
the stress point had yielded. (Initially, the table would indicate all stress
points to be elastic.)

(ii) The incremental strains at time t were calculated using
the incremental strain-displacement relations, Equations 36 through 50,
whichever set applied.

(iii) The stress increments were then calculated from the
incremental stress strain relations. If the stress point were elastic, the
elastic relations, Equations 51 through 56, were used. If the stress point
were plastic, the plastic relations, Equations 58 through 64, were used. The
stresses at time t were then calculated by Equations 65 through 68.

(iv) The newly obtained stresses were then substituted into
the yield criterion, Equation 31, to check if the stress point had yielded. The
result was then recorded in the yield indicating table. If the stress point
was plastic, and the yield function f had exceeded zero above the limit at
which stress correction is required, the newly calculated stresses were
corrected by Equations 69 through 73.

(4) Steps 1 through 3 were repeated for the rest of the mass
points, proceeding from the axis outward and then row by row downward.

(5) Using the new stresses obtained fcr all the stress points,
steps 1 through 4 were repeated thus starting the iteration cycle. This was
done until the desired accuracy was reached. It was determined that about
5 or 6 iterations produced the desired accuracy.
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(6) Steps 1 through 5 were repeated for the subsequent time
increments, in which the applied pressure on the boundary was incremented
according to the vertical pulse load curve.

A flow diagram for the computer program is shown in Figure 25,
and a listing of the computer program is given in Appendix VI.

Tolerance for Yielding, Unloading, and Stress Correction

In the Prager-Drucker yield criterion, a stress point is plastic
when the yield function, f, of that point is greater than zero and is elastic
if { is less than zero. This means that the yield surface has zero thickness.
In the numerical calculation the yield function of a stress point fluctuates
about zero during the process of loading due to computational accuracy.
Therefore, a tolerance thickness of the yield surface was used to avoid the
fluctuation between elastic and plastic states at a stress point. A tolerance
equal to 1.5% of the yield stress in shear was used above and below zero.

A similar phenomena occurs in the unloading from plastic state.
The incremental work done, AW, defined in Equation 62 also fluctuates about
zero causing intermittent loading and unloading in the plastic state. To
avoid this, a tolerance of 2% of the maximum incremental work done up till
that time was used for below zero limit.

Stress correction on the newly calculated stresses was applied
only if the yield function is above zero past a certain limit. In the present
problem, 2% of the yield stress in shear was considered as the limit, It
should be noted that all the tolerances used were chosen somewhat
arbitrarily but were considered to be reasonable for this type of problem.

Selection of Mesh Size and Time Increment

The vertical pulse loading is a time-dependent dynamic problem
and consequently, the selection of the mesh size and the selection of time
increment size are interdependent. There are two criteria for selecting the
mesh size and the time increment. The first criteria is related to the con-
vergence of the iteration, and the second is related to the stability of the
numerical calculation.

The convergence criterion depends on the constant factor that
multiplies with the 4’ and W%t terms in Equation 28 and 29 of the quadrature
equations. For the quadrature equation used, the criterion is given by

Space Mesh Size _2h 5 €
Time Increment t 6
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where c, =the velocity of elastic dilatational wave propagation in the soil

medium.

The stability criterion requires that

Space Mesh Size _2h e
Time Increment At 1°

It was found that, in order to avoid instability(zs’ 29) this ratio must be at
least three times larger than c,. In the present problem, the space mesh
size was first selected such that there were at least five fictitious stress
points within the radius of the loaded area. The time increment was then
determined according to the stability criterion given above. Because of
this restriction, the time increment used was unavoidably small and conse-
quently for load pulses that have long time durations, the computer time
required for the numerical calculations would be quite long.

Region of Sclution

Although the problem to be analyzed is a loaded semi-infinite half
spacethe use of numerical procedures requires that the extent of the region
influenced by the load be restricted to a finite region. If the boundary of
the mesh selected is not sufficiently deep, an elastic rebound wave will
propagate upward causing inaccuracies in the solution near the region of
the loaded area. Although researchers are investigating ways of preventing
this type of reflected wave by modificaticn of the lower boundary conditions,
no satisfactory procedure has been developed to date. This reflected wave
condition was avoided in the numerical solution developed herein by selecting
the lower boundary sufficiently deep to prevent any significant influence of
this phenomenon on the solution in the region of the loaded area.

Test Case Evaluation

A test case having the following typical soil and loading parameters
was analyzed using the finite element computer program developed.

Soil Parameters:

Density Y =110 lbs/cu ft
Shear modulus G = 0.546 x 10° psf
Poisson's ratio v 0.4

Cohesion c =500 psf
Friction angle p =20 degrees

Yield stress in shear k =612.3 psf
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lioading Parameters:

Radius of the loaded area a =5.0inches

Peak pressure oL IE 10, 000 p~nf

Time duration of pulse ty = 0.05 sec
Computational Parameters:

Space Mesh Size h =0.5 inch

Time increment At =25 x 10-8 sec

Boundary size 15.5'" radius x 15.5" deep

This test case was run until the applied pressure was at the peak load and

a large portion of the soil medium under the loaded area had become plastic.
The plastic zone started along a ring just under the boundary between the
loaded and unloaded area and developed towards the axis along a 45~degree
conical surface as the applied surface pressure increased. The development
of the plastic zone with time and loading is shown in Figure 26. This plastic
zone development is consistent with other known plastic soil response, for
example, the corresponding plane strain static problem obtained by
Christian (19),

The vertical deflections at the surface of the soil were plotted
against the radius from the axis of the loaded area and is shown in Figure 27.

At -tt:i— = 0.50, the applied pressure was sufficiently large to push some
portion of the unloaded surface above its original level, At that same applied
pressure of 69.5 psi, the sinkage at r=0 was comparable to the estimated
sinkage based on empirical equations for sinkage prediction. The vertical
deflections at the middle of the applied pressure (i.e., at r=0) and at various
depths from the soil surface were plotted against the time of loading as
shown in Figure 28,

Figures 29 and 30 give the constant vertical stress contours at

-ti'-— = 0.35 and ;t-— = 0.50, respectively. The comparison of the two figures
d d

indicates the increase of vertical stress within the soil medium as the
applied pressure increases.

Currently, the soil and loading parameters of a few selected tests

from the Single Wheel Verification Test Program (see Section III) are being
used in the computer program. The selected tests were chosen such that

58




DIMENSIONLESS DEPTH, z/a

DIMENSIONLESS RADIUS, r/a

02 04 06 08 10 12 14 16 I8 20

—

0.2 L 0.500

0.250
040225

0.200
06k

0.196
08110196

d

1.0 57200
12k

0.225
Y
1.6
| g | 0250
2ol
220350
24|

0.500
2.6
28)
30|

4
Figure 26

| | | | | 1

RADIUS OF LOADED AREA - @ = 5.0 inches
TIME DURATION OF PULSE - 'd = 0.05 sec.

Development of the Plastic Zone vs Time of Loading

59




uipeor JO s3Wl] SNOlIBA jJe SNIpeY SA 3DJING SYJ JO UOIIIS[IS( [ed13i0p .7 2i1ndig

1sd G’ 69 060
1sd 9°09 G€0 T
1sdGg |4 G20 0SS 0= _“.__2 1Y
1sd 0°G2 020
3¥NSS34d A31NddY P /1 ara i o
998600 = P} = SYINd 40 NOILYNNA 3IWIL
S3YouI 0G = 0 = Y34V Q30v07 40 SMavy
2'0="1/1 LV .
P ~
020="4/4 IV
| l
0 20

b/4 SNIAVY SSITINOISN3WIA

001

o8

09

0

oe

Olx b/M* NOILO31430 TVIILY3A SSIINOISNINWIA

60




¢O1% 0/M “JOVMNIS SS3INOISNINIA

syjdaQg snoyiep 10y 0 = ®/r je o3ejqulg gz andrg

p
/¢ 3INIL SSIINOISNINWIA

80 L0 90 SO 0 €0 20 1'0

Ov

09

001~

0=4 1V

| 1 T I 1

Ol1=0/7 |y

—

S 0=0b/7 |v¥

] 3AYND 3sINd AvOon

0l

02

(015

ot

0s

09

(®]|D28)
0=0/2 |Y

J9YMNIS SSIINOISN3IWIC

oL

(18d) % *3ynSS3Yd QINddY

61

e HHHHHHHHL



q- DIMENSIONLESS RADIUS, r/a

| 02 04 06 08 10 12 14 16
I

%/k -l4.25—j ! ' '
%/k=13.5

0.2

0.4

0.6

o8

1.0

1.2

| .4

20

DIMENSIONLESS DOEPTH, z/a
0N

221

241~  RADIUS OF LOADED AREA -

YIELD STRESS IN SHEAR =

5.0 inches
4.25 psi
0.35

e x o
"

28

30F

Figure 29 Constant Vertical Stress Contour at Time L. 0. 35

62

tq




DIMENSIONLESS DEPTH, z/a

0.2

o4

0.6

2.2

24

2.6

2.8

30

Figure 30

DIMENSIONLESS RADIUS, r/a
02 04 06 08 10 12 14 16

L

15.5

%, /k=16.33

L T | | > r

RADUS OF LOADED AREA
YIELD STRESS IN SHEAR

a = 50 inches
k= 4.25psl
1 .00

'

Constant Vertical Stress Contour at Time—t— = 0.50

td

63




they would be representative of a range of sinkage in both clay and sand. The
results of these cases will be available at a later date in the form of an
Interim Report.

4. Comparative Sinkage Prediction Study

The results of the Single Wheel Verification Tests were used as a
basis on which to compare currently used sinkage prediction equations
(Bekker and Boeing-WES) and the revised University of Dayton Research
Institute (UDRI) sinkage prediction equation. The UDRI sinkage prediction
equation (as developed in Section IV-2) is based on laboratory tire-soil
test data developed by WES and UDRI, field tire-soil test data developed by
WES and Lockheed-Langley, and aircraft operational tire-soil data developed
by Lockheed and Boeing.

The Bekker sinkage equation as given in Equation 74 was used together
with the soil properties data from Table 4

k
F= ( c ] z" (74)
rwopde il
b 0
where p = tire contact stress, psi

kgs kcp= soil deformation moduli (Table IV}
n = exponent of sinkage (Table IV)

smallest dimension of contact area, in.

Z = vertical sinkage, in.

Previously developed (1) curve fits to the Boeing (WES) sinkage relationships
gave the sinkage equations as

2.8
% = 0.003 +(CMN) for 35 CMN = 10 (75)

Z -1.8
£ =0.003 + (SMN) for 5< SMN <40 (76)

: 1/2
where CMN = Clay Mobility Number = -(C—g—b&(d) (77)
G)(bD 3/2d
SMN = Sand Mobility Number = (_Lf’)—— (78)
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e e i, i

and Cl = average cone index over 0'" to 6", psi

Q
n

slope of cone index versus depth averaged over a depth
equal to the tire width, psi per in.

o
[}

tire width

tire deflection, percent

The defining soil properties were developed from the soil data as given in
Table IV. The revised UDRI sinkage prediction equations are given in
Equations 13 through 16 and used soil property data as given in Table 4.

Figures 31 through 40 show the experimental trend of the sinkage ratio
{2 /D) versus increasing vertical load (P) from the Single Wheel Verification
Tests and also the corresponding trends as predicted by the Boeing (WES)
and UDRI equations. The use of the Bekker equation, even when accounting
for the increased tire contact area with sinkage, resulted in sinkages which
in most cases were an order of magnitude higher tha: the measured sinkage,
and consequently, these results are not shown on Figures 31 through 40.
The dashed line used in the figures indicates the predictions are outside the
restricted range of use of the prediction equations. Analysis of Figures 31
through 40 indicates that the UDRI prediction equations which are based on a
broader range of tire variables and soil conditions would be more reliable
for predicting the sinkage of aircraft type tires in clay and sand types of
soil.

55 Summary

The results of the sinkage study have shown that the UDRI sinkage
prediction equations are presently the most reliable method of predicting the
sinkage of aircraft type tires in sand and clay soil for the Region II velocity
range (5 knots to 40 knots). These empirically developed equations can be
used to predict sinkages with an approximate accuracy of £40%, with 90%
confidence within the restricted range of analysis (see Equations 13 through
16). This restricted range of application would, however, cover most
conditions encountered by aircrafi operating on soil. The effects of high
velocity (Region III) on sinkage are not adequately defined at this time and
considerable emphasis in research efforts should be placed in studying high 8.
velocity effects on tire-soil interaction. Sl

The finite element approach to sinkage analysis using elastic-plastic
soil response should ultimately provide a reliable method for extending
tire-soil interaction studies to other soil types and other contact elements
without undertaking extensive experimental efforts, The results of the com-
parisons between analytical (finite element) sinkages and those determined in
the Single Wheel Verification Tests which will be available in a subsequent
report should provide considerable insight into tire-soil interaction phenomena. ;
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SECTION V

SINGLE WHEEL RELATIVE MERIT INDEX (RMI)

1. Preliminary Development

The primary variables associated with evaluating the flotation capacity
of a landing gear system includes drag, sinkage, multiple wheel effects, and
braking effects. Secondary variables which influence flotation capacity
include turning, landing impact, and puint of rotation effects. The Relative
Merit Index (RMI) is a system for incorporating these primary and secondary
flotation variables in a suitable manner to permit the comparative evaluation
of the flotation capacity of landing gear types and configurations.

The results of the preliminary development of the basic tire-soil
interaction equation (1) and empirical sinkage prediction equation (2) were
used to develop the flotation criteria for rating the performance of aircraft
tires operating on soil. This preliminary RMI has been developed in a
separate report form and is currently under review by governmental agencies.
Copies of this report are available either from AFFDL/FDFM or the University
of Dayton. The preliminary drag-sinkage interaction effects were defined by

R/P =0.015 + 3.09 ('IZ')') (79)

for the Region II velocity range, and the preliminary sinkage prediction
equations which were developed for sand and clay are given by

Cohesive Soil

- o4
= -0.03 + 0.19 & (80)
avg

=N

for 0.20 S————<1.05

Cl
avg
where L = contact footprint length (rigid surface) at the
applicable tire deflection

CIavg = average cone index over 0" to 6" depth .

a =P/A o
and : : c
A = tire contact area (rigid surface) at the applicable

tire deflection
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Cohesionless Soil

Z a
L =-0.01+0.23 (81)
avg
for 0.015 <—=—2— < 1.20
- CI .
avg

Combining Equations 79, 80, and 81 leads to the single wheel drag ratio
relationship as given by

Cohesive Soil

R/P(single wheel) =0.015 +(C. 587CI°‘ -0. 093)—5 (82)
avg
for 0.20 £ —>— < 1.20
. = .
avg
Cohesionless Soil
R/P(single wheel) =0. 015 + (0. 711CICJL -0. 031)% (83)
avg
for 0.15 < —— 1.05
or U, CI < 1.
avg

These basic tire-soil interaction equations ard sinkage prediction equations
have subsequently been revised as detailed in Sections II and IV based on
more recently available flotation data.

Equations 82 and 83 were combined with aircraft tire geometry
variables to develop computer programs for evaluating the single wheel drag
ratio relationship. These programs, which are given in Appendix III, form
the basis of the preliminary rolling single wheel comparative flotation
evaluation.

2, Comparative Flotation Evaluation

The RMI system at present has been subdivided into three basic
categories to define the flotation capacity of aircraft tires when operating on
soil runways. These categories are:

a. Takeoff operations
b. Landing operations
c. Runway deterioration
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Aircraft tires currently in use on such aircraft as C-119, C-123, C-135,
C-141, C-5A and others were rated using the flotation capabiiity computer
program and the defining index for the tires operating on a high strength
and a low strength cohesive and cohesionless soil.

The preliminary index system associated with each of these categories
are defined as:

Flotation Index (FI)

The Flotation Index is designed to rate comparatively the capability
of landing systems in minimizing the drag load per unit vertical load for
specified operating conditions in takeoff operations. The defining FI
equation is

FI = N[R/P(single wheel)] (84)

where N = the number of contact elements in landing gear system. The
results of the Flotation Index ratings are shown in Figures 41 through 46.

Drag Index (DI)

The Drag Index is designed to rate comparatively the capability of
landing gear systems in maximizing the drag load for specified operating
conditions in landing operations. An additional variable present in the
landing mode is the percent slip (S) of the braked tire. This braking con-
dition leads to a greater drag resistance and sinkage for the aircraft tire.
The two basic parameters defining braked tire-soil interaction are:

R

—EB(S) = ratio of the braking drag force to the vertical load as
a function of slip; and

Z . : ;

TD(S) = ratio of instantaneous tire sinkage to the vertical load

as a function of slip.

Combining these two parameters gives the defining Drag Index relationship
as

of

- (5)
DI = S = -EZR}—B(S); single wheel (85)
5(5)
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FI*R/P

SINGLE WHEEL FLOTATION INDEX (FI)
LOW STRENGTH SOIL-BOMBER TIRES

R=DRAG FORCE (#)

P=VERTICAL TIRE LOAD (#)
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COHESIONLESS

NOMINAL TIRE DEFL.
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0 24 1
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+

INCREASING FLOTATION

0.35

SR
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- 44 X132 (26)
24X5.5(12) 4+ 26 X 6 6 (14)
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+10% TIRE DEFL.

49X17(26)

- 56 X 1€ (24)

36 X11(22)

26X6.6(14)—4— 44 X13(26)
— 24 X5.5(i12)

— 56 X 16 (32)

32x8.8(22)

:

Figure 42
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Flotation Index, Aircraft Bomber Tires on Low Strength Soil
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SINGLE WHEEL FLOTATION INDEX (F1)
HIGH STRENGTH SOIL-BOMBER TIRES
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Figure 45 Flotation Index, Aircraft Bomber Tires on High Strength Soil !
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The Drag Index is then designed to rate comparatively the capability
of landing gear systems in maximizing the braking drag force per unit instan-
taneous vertical sinkage for specified operating conditions in landing operations.
Since an adequate braked tire-soil interaction theory substantiated by experi-
mental verifications has not been developed at the present time, no Drag Index
4 ratings were made on existing aircraft tires.

Operations Index (OI)

The Operations Index is designed to rate comparatively the destructive
(deterioration) effects on soil runways of various landing gear systems as
determined by the sinkage per unit vertical load for specified operating con-~
ditions in both landing and takeoff operations. The defining Ol equation is

L.

OI = Z /P (first pass) . (86)
where Z /P = sinkage factor

The results of the Opecrations Index ratings are shown in Figures 47 through
52.

In addition to the computer program for determining flotation capacity,
a nomograph was developed for evaluating the Flotation Index (FI) and
Operations Index (OI). This nomograph is shown in Figure 53, and an
example illustrating its use is given below. Working size copies of the
nomograph are available from either AFFDL/FDFM or the University of

Dayton,
Example of Use of Nomograph
ﬁ Compare the relative flotation characteristics, as defined by the
Flotation Index and the Operations Index, of the 56 x 16 (Type VII) tire to '
the 40 x 14 (Type VII) tire for both tires operating at a nominal tire deflec-
tion (d) of 32%.

Known Information

- Cohesive Soil, CI = 300 psi
avg

- the 56 x 16 tire has a known bearing area of 340 in®
atd = 40% and P (nominal) = 76, 000 1lbs.

- the 40 x 14 tire has a known bearing area of 97 in® i
at d = 20% and P (nominal) = 30, 500 lbs. i
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SINGLE WHEEL OPERATION INDEX (OI)
LOW STRENGTH SOIL-CARGO TIRES

Z=VERTICAL SINKAGE (IN)
P=VERTICAL TIRE LOAD (#)

Ol=2/pP
X lo'!

COHESIVE

COHESIONLESS

NOMINAL TIRE DEFL. +10% TIRE DEFL.

034

0.4 +

06 1
07 +

08 +

N
Il
t

>
%
INCREASING UTILIZATION

22 +

23

725

e

T=12T8T

20-20(22)

-20-20(22) 15-1604)
- 17-20(20)
- 11-12 (8)

15416141 13.5-200814 - s _6v21

—17-20(20)
8 5-10(8)-4— 44 X16(28)
155-20(16)

12 5-16(12)
~-44Xx16(28)

38 X114}
8.5-10(8)
36X11(24)

—38XIt(14) —34X9.9(i4)

9.5-16(12)

36x11(24)

95-1602)4 34 x99 (14) [~ h5-1448)

-7 5-14(8)

—26X66(i2)

- 26X6 6{12)

e 4

NOMINAL TIRE DEFL. +10% TIRE DEFL.

-20-20(22)

20-20(22)

—17-20(20)

15-16014)1_ 4 4 x16(28)
—17-20(20) 155-20(16)—

15-16 ({14)

'55_20“6)_—-44)06(28)

12.5-16(12)

12 5-16(12)
~38X11{i4)

36X11(24)

F-38XxIt{iq)
36X11(249) -34x99(14)

-9.5-16(12)

8 5-~10(8)—
—-34X99(14)

9 5-16(12)

-8 5-10(8)

7 5-14(8)

[-75-14(8)

/rzexs 602)

26 X6 6(12)

Figure 47 Operations Index, Aircraft Cargo Tires on Low Strength Soil
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SINGLE WHEEL OPERATION INDEX (O1)
LOW STRENGTH SOIL-BOMBER TIRES

Z=VERTICAL SINKAGE (IN)
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Figure 48 Operations Index, Aircraft Bomber Tires on Low Strength Soil
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SINGLE WHEEL OPERATION INDEX (OI)
LOW STRCNGTH SOIL—FIGHTER TIRES

Z=VERTICAL SINKAGE {IN)
PzVERTICAL TIRE LOAD(e)

01=2/P COHESIVE COHESIONLESS
x 10°* NOMINAL TIRE DEFL. +10% TIRE DEFL. NOMINAL TIRE DEFL. +10% TIRE DEFL.

10 1+ -36xn122)

36X1122)

24X7 704
-30x881(22)

36xm22)

-30x8.8(22)
24Xx7.704) 36XIN22)—

o
L
U

=
1
L]

25X6.7504)—

®
i
s

25%6 75(14)—

®
i
|

-30x8.8(22)

INCREASING UTILIZATION

204 - 18K5 50 2) - 30x88(22) _J
24x7700)

2.1 f 24%5502)
22 4+
24x7704)~4

2.3 1+ -18%5.5(12)

4+ 24x5 5112}
2sd —18X4 4(8)

-25X6.75(14)

V4 Z Z exssuzr}-25X67504) Z

725 18%4.4(8) )
54 _|-18xe.4a(8) -24X5.5012
L 18X5.5012)-]
18X 4.4(8)

2.5 -

AV

Figure 49 Operations Index, Aircraft Fighter Tires on Low Strength Soil
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SINGLE WHEEL OPERATION INDEX (Ol)
HIGH STRENGTH SOIL— CARGO TIRES
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Figure 50 Operations Index, Aircraft Cargo Tires on High Strength Soil
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SINGLE WHEEL OPERATION INDEX (O1)
HIGH STRENGTH SOIL-BOMBER TIRES

Z:VERTICAL SINKAGE (IN)
P=VERTICAL TIRE LOAD (#)
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Figure 51 Operations Index, Aircraft Bomber Tires on High Strength Soil
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Solution Nomograph

- 56 x 16 tire, D = 55, 7"
(1) dy/d, = 40/32 = 1. 25
(2) Intersect 340 in®(A,) with d,/d, = 1. 25 which gives

A, = 280 in? a
P 76, 000
. - ] = 25
(3) Determine CI 300 3
avg
(4) Intersect 280 in?(A,) with CI =253
avg
which gives —>— = 0.90
S
avg

(5) Move horizontally to intersect the ""cohesive' soil line

and down vertically to get —eZ-= 14,5 x 10-?

(6) Compute ¢ for Type VII by

2=0.36DVd(4.76-d) = 0.36 x 44.71/0.32(4. 76-3.32) = 23. 8",

(7) Intersect 2 = 14,5x1072 with £ = 23. 8" to get Z = 3. 5.

(8) Intersect Z = 3,5" with D = 55, 7" which gives

FI,, 1 = R/P=0.20
_ Co3.3" -5 !
Olgy w16 = Z/F =3¢ go0f = & 6x10

-40 x 14 tire, D = 39, 3"’
(1) d,/d, = 20/32=0.63
(2) Intersect 97 in?(A,) with d,/d, = 0. 63 which gives

A, = 155 in?
: 30, 500
(3) Determine p - : =
CI 300 e
avg
(4) Intersect 155 in?(A,) with CI =102
avg
which gives o =0.69
avg
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(5) Move horizontally to intersect the '"cohesive soil" line

and down vertically to get 22- = 10,5x10°%

(6) Cempute £ for Type VII by

% = 0.36D\/d(4.76-d) = 0.36 x 39.3\/0.32(4.76-0.32) = 16, 9"
(7) Intersect %: 10.5x 1072 with # = 16. 9" to get Z=1, 7"

(8) Intersect Z = 1, 7" with D = 39, 3" which gives

FI40x14=R/P=0.15
®) -Z/P--i =5.6x10"%
40 x 14 - " 30, 500# 0%

These results indicate that the 40 x 14 tire which would encounter 25% less

drag per unit vertical load than the 56 x 16 tire has a higher flotation capacity.

The 56 x 16 tire would, however, cause less runway deterioration per unit
vertical load than the 40 x 14 tire as shown by the OI ratings.

3. Summary

The results of aircraft tire-soil ateraction studies have led to the
development of the Single Wheel-RMI which is a system for evaluating the
relative flotation capacity of aircraft tires when operating on soil runways.
The RMI has been presented in both Nomographic and Rating Chart forms.
The potential uses of such charts by landing gear engineers include:

a. Design of landing systems and contact element systems for
reduced sinkage and/or drag.

b. Comparative tire flotation studies,

c. Comparison of the performance of aircraft tires on different
soil types.,

d. Determination of increased flotation with increasing tire
deflection.

The preliminary single wheel criteria and index system developed to
date does not include the effects of multiple tires (twin and tandem) and
braking. Additionally, the influence of ground roughness and multiple passes
will ultimately be included such that the RMI system can be utilized not only
for comparative flotation evaluation but also as an absolute determination of
the suitability of a site for aircraft operations. As current research etfort
provides the required information for evaluating each of these effects, the
RMI will be modified to reflect these changes.
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SECTION VI

CONCLUSIONS AND RECOMMENDA TIONS FOR RESEARCH

15 Conclusions

The results of the landing gear-soil interaction and flotation criteria
research effort have shown that:

(1) There are at least three velocity regions for which the drag ratio
exhibits distinct characteristics,

(2) In the Region II velocity range (5 knots to 40 knots), the basic
tire-soil interaction as defined by the drag ratio (R/P) and sinkage ratio
(Z /D) is given by Equation 2 for all soils although there are some differences
in the performance of aircraft tires on sand and clay as shown by Equations
3 and 4.

(3) In the Region III velocity range (40 knots to approximately 70
to 90 knots), the relationship between drag ratio (R/P) and sinkage ratio (2 /D)
has not been adequately defined; however, either Equation 5 or 6 can be used
on a preliminary basis.

(4) Although considerable work remains to be done on defining multiple
tire flotation performance, prelimninary results indicate (a) that little reduc-
tion in the drag ratio (R/P) per tire will occur for twin wheel configurations,
and (b) that considerable reduction in drag ratio (R/P) per tire can be expected
for tandem wheel configurations where the rear tire follows in the track of
the lead tire.

(5) The empirical sinkage prediction equation developed in this report
can be used for estimating aircraft tire sinkages in sand and clay type soils
with an approximate accuracy of +40% within the 90% confidence limits.

(6) The finite element based sinkage prediction analysis described in
Section IV shows promise of providing a rational (rather than empirical)
method of sinkage prediction which could ultimately provide a better insight
into the tire-=oil interaction phenomena and lead to more accurate sinkage
analysis.

The basic tire-soil interaction equation (Equation 2), together with
the sinkage prediction equations (Equations 13 through 16) were used to
develop the Single Wheel Relative Merit Index (RMI) which is currently under
review by cognizant government agencies, This is the first step leading to
the RMI of landing gear systems.

90




2 Recommendations for Research

The main thrust of the immediate future landing gear-soil interaction
and flotation criteria research effort should be directed at the following
research deficient areas.

(1) High speed (Region III) tire-soil interaction including drag and
sinkage.

(2) Multiple tire ""configuration sensitivity' related to drag and
flotation criteria.

(3) Flotation evaluation of the influence of brakirg, turning, and
impact on aircraft performance on soil,

(4) Additional evaluation of the failure criteria for defining the
capability of aircraft to operate on soil runways.

Long range flotation research effort should include studies of:

(1) Multiple pass (operation) effects as related to runway deterioration

and capability of aircraft to operate.

(2) Influence of runway roughness on the flotation performance of
aircraft on soil,
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APPENDIX I

SINGLE WHEEL VERIFICATION TESTS

Soil Tests and Preparation




Classification

Both of the soils selected for the test program have been used
extensively by WES in previous mobility studies and the classification properties
have been reported previously. For comparison purposes the grain size dis-
tribution and limits properties are given for the buckshot clay in Figure 54, and
the grain size distribution for the mortar sand is shown in Figure 55,

California Bearing Ratio

The CBR is a plate bearing test using a three-square inch piston which
is penetrated continuously into the soil to a depth of one-half inch while
continuously recording the load resistance with depth. Annular surcharge
weights are placed around the piston prior to its penetration. The ratio of
the load at 0.1 inch penetration to that load supported by a standard well
graded crushed gravel multiplied by 100 is defined as the CBR of the soil.

Cone Penetrometer Resistance

The mobility cone penetrometer is a rod device having a thirty degree
cone tip and has a cross section base area of 0.5 square inch. The shaftis
narrowed above the cone to minimize the friction between the side of the shaft
and the hole. The cone penetrometer, which is pushed into the soil at a
standard rate, measures the resistance to penetration (Cone Index) in pounds
per square inch. The Cone Index is a measure of soil shear strength and its
variation with depth.

Plate Bearing Resistance

Plate bearing tests were conducted on the soil surface using three plate
sizes with diameters of 1.4 inches, 2.8 inches, and 4.2 inches. The load in
pounds versus plate sinkage in inches was recorded continuously with depth
to a penetration depth of approximately ten inches. The results of these tests
were used to determine the modulus parameters kc, k , and n in Bekker's

sinkage equation using techniques previously detailed (11).

Triaxial Tests

Undrained triaxial tests were run on undisturbed clay specimens taken
from the test soil carts for the soil conditions of CI=25 and CI=50. The tri-
axial specimens with zero confining pressure were approximately 1.5 inches
in diameter by 3.25 inches high, while the non-zero confining pressure
specimens were approximately 2.8 inches in diameter by 5.5 inches high. Each
test specimen was cut and trimmed from a larger test sample., It was observed
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that the undisturbed samples did show some disturbance as evidenced by
cracks on the outside of the soil sample. The results of the triaxial tests on
clay as shown by the Mohr's circle relationship are given in Figure 56.

Triaxial tests were also conducted on air dried samples of the mortar
sand. The specimen size was 2.8 inches in diameter by 6.0 inches high and
the samples were prepared to a unit weight of 99.0 pcf £1. 0 pcf which was the
average so0il unit weight in the soil carts for the CI=25 test condition. The
results of the triaxial tests on the sand are shown in Figure 57.

Soil Pre; - - “lon

The vuckshot clay was processed, placed, and compacted at predetermined
moistures and densities corresponding to the desired soil strength. The soil is
first passed through a roller crusher and then placed in a pug mill where the
soil-water mixing takes place at a selected moisture content., The soil is then
placed in the soil carts in 6 inch layers with each layer compacted by pneumatic
tired rollers. Previously developed empirical relationships between buckshot
clay moisture content and compactive effort permitted the soil to be placed near
the design soil conditions.

The mortar sand was prepared in an air dried condition. Different soil
strengths were achieved by varying the density of placement of the soil. The
sand was placed in uniform layers which were screened and vibrated on the
surface as the filling progressed. Empirical relationships between the thickness
of layer, vibratory «.fect, and soil density permitted the sand to be placed near
the design soil conditions.
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APPENDIX II

SINGLE WHEEL VERIFICATION TESTS

Soil Uniformity Measurements

Mobility cone penetration tests were conducted at two meter
intervals along the soil track previous to each test run., The results
of these measurements are given in Figures 58 through 70, and are
identified by the Test Number which also appears in Tables 6 and 7.
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APPENDIX I1II

FLOTATION INDEX-OPERATIONS INDEX
COMPUTER PROGRAM
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COMPUTER PROGRAM NOMENCLATURE

A Tire Contact Area (rigid surface)
AL Major Axis of Decap

AS Minor Axis of Decap

CI Average Cone Index of Soil

D Tire Outside Diameter

DF Rim Flange Diameter

DLTA Tire Radial Deflection

FH Tire Free Height

F1 Flotation Index

FL Tire Footprint Length
FwW Tire Footprint Width
LS Load-Strength Ratio

0 Operations Index

P Vertical Load

TD Tire Percent Deflection
TP Tire Ply

TS1 Tire Size Indicator

TS2 Tire Size Indicator

TT Tire.Type
w Tire Width
ZD Sinkage-Tire Diameter Ratio
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c

10
12
14
15

i9
27
22

25

3?2
34
3s
4Ha

52
h4

04723769
FLINDX - EFN SOURCE STATEMENT = [IFN(S) -

INTEGER TT,TP
FLOTATICN INDEX-2PERATIONS INDEX PROGRAM=-COHESIVE SOIL
ARITF { 6,459)

Q9 FORIMAT(]IHL,14H TTaTIRE TYPE/14H TS1=TIRE SIZE/14H TS2=TIRE SI12E,
1/13H TP=TIRE PLY/18H N=TIRE DIAMETER/15H W=TIRE WIODTH/
226H4TND=TRE DSFLECTICN PERCENTY/20X DF=FLANGE DIAMETER/9H P=LOAD
37154 CI=CONS INDEX/21H OQI=0PERATIONS INDEX/20H FIsFLOTATION IND
w111 1111117)

J=7

<=2

2EAL LS

FARMAT (14)

SDRIMAT (1542FB.3,14)
FNIVMAT (2FR8434F6.2,F8,3)
FORMAT (F12.2)

FORMAT (FR8,2)

1=9

READ (5,9) N

READ (5,1C) TT,TS1,TS2,TP
READ (5412) DeWyTDoDF

READ (S,14) P

READ (5,16) C1

I=1+1

FH=((D=NF)/2,)
JLTA=({TD/100,)*FH)
AL=(2.,N)%2SORT{DLTA%(D=-DLTA))}
AS={2.0)%SCRT(DLTA*(W=-DLTA))
FL=(2.85)%(AL)

IF (TT=-2)30,30,32
FW=(C,.93)1%(AS)

50 T 34

FA=AS

A={0,T746)2{FL)*(FW)
LS=(P/7(A%CL))
IL=(=7.02)4(0,19)%(LS)
D=1 (ZLIX{FLY/(P))210N00,
Z2=({01)*{?)/7(N})*0,0001
El=({C.C18)1+(3,CN%(2D)

S5O EORMATUIHGYGHTT =2,12,10X,SHTSY 2,F6,2,10Xy5HTS2 =,F 6,2, 10X,4HTP =,
11 3)

52 FNUYAT(IHOWAH N 2,F6.298X93HP 2,F9,2,3Xy4HTD 33F6.2910X4SHCT = ,
1F2,2)

F4 EDDYATIIHO G4H A 24FT.246X4HFL =,F7,2)

56 TTRAVATIIMOMAHFT 2,FT,3,6X,6H01 =,FT,3///77)

AEITE (845C) TTHTSL,TS2,TP
#2TTE 1A,52) N,P,TD,CI
£TTN TH,54) ALFL

WRITE (5,78} FL,y01

[F 17=%1)2%,60,60

(=047

J=J+!

TE L =N)A2,564,64

i iake

[ TI2Y
s
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04/23/69
FL INDX - EFN  SOURCE STATEMENT = [IFN{S) =
E" INTEGER TT,TP
c FLOTATICN INDEX=-CPERATINNS INDEX PROGRAM-COHESIONLESS SOIL

ARITE ( 6499)
99 SOR"AT(1KO,14H TT=TIRE TYPE/14H TS1=TIRE SIZE/14H TS52=TIRE SIZE,
: 17134  TP=TIRE PLY/18H ND=TIRE DIAMETER/15H W=TIRE WIDVTH/
22A4TD=TIRE DEFLECTION PERCENT/204 DNF=FLANGE DIAMETER/9H P=L0OAD
3/15H CI=CONE INDEX/21H OI=0PERATIONS INDEX/2CH FI=FLOTATION IND

4EXII111717117)

J=J

K=2

REAL LS

9 FORMAT {14)

H 10 FORMAT (1542FB8.3,14)
' 12 FORMAT (2FBe3,F6.2,F8.3)
1 14 FORMAT (F12.2)
' 16 FORMAT {F8.2)

120

READ (5,9) N
READ (5,10) TT,TS1,TS2,TP
REAND (5412) NDyWeTD,DF
READ (5,14) P
READ (5,16) CT
[=1+1
FH=({D-DF)/2.)
NDLTA=((TD/100, )*FH)
AL={2.,D0)%SORT(DLTA*(D-DLTA))
AS=(2,0)Y%SQRT(DLTA*(W-DLTA))
FL=(0.85)*(AL)
1F (YT-3)30,30,32
FA=(C.93)1%(AS)
60 10 34
FW=AS
A={Q,T46)2(FLI%(FW)
LS=(P/TAXCT))
TL=(=2,01)+{0,23)%(LS)
I=(7LI)=(FL)/(P))%*10000,
10=((NI1)*{P)/(N))*0,0001
FI=(2.N15)+(3.09)%{70} i
50 FNRMAT(IHC,4HTT 2,12,10X,5HTSI "F60201°X,SHTSZ ”Fbo?leX,‘OHTP ®y
113)
52 FORMAT(IHCQ“H n =,F6.2.8X.3HP ’9F9.298X04HTD 'QFboZ'lOXQSHCI =2
1F8.2) ’
S/ ENRMATULIHCO y4H A =4FT.296X.4YFL =,FT,2)
§6 FNAIMAT{IHD,44F] =,F7,3,6X04H0DT =,F7.3///7/)
ARITE (H457) TT,TS1,7S2,TP
ARITE (6452) D,yP,yTD,CI
WRITE (6,54) A,FL
ARITE (6,5£) FI[,01
[F (1= )2&46N450
Kz +?
RENEMN
1F 1laN)ARZ4K4,464
510 T 29
STN®

[~ XX
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APPENDIX IV

INCREMENTAL STRAIN-DISPLACEMENT RELATIONS
FOR STRESS POINTS NEAR THE SURFACE




Because there are no mass points above the stress points that are on
the first row near the surface of the soil, the incremental strains AY,, and

A¢, cannot be calculated by the usual equations. Approximate expression for
these incremental strains are derived below.

Incremental Shear Strain

For the stress point that is on the axis of symmetry, the equation for
Ayu is the same as Equation (46), that is,

AvE (1,3) =0 (A-1)

For the stress points that do not lie on the axis of symmetry, the
incremental radial displacement, Au, of a point on the soil surface 1/2h above
the stress point (for example, Point A in Figure 24) may be approximated as

the average of the incremental radial displacements of the mass points located
#h radially from the stress point, that is,

(Au)A =% {Au(i+}, j) + Au(i-1,))) (A-2)
Therefore,
t t
t ; t Au'(i, j+1) -Au
t oo 1lrAw (4], §) - Aw (i-j) A
and 2

t t t t t
oo o1 cawliel ) -awtid-1, ) | 2805, 41 - Auf(ir L)) - Auti-1,)
A h) =31 2h * 3h a4

Incremental Vertical Strain

The vertical stress o, at these stress points are assumed to be the
average of the surrounding stress points; that is,

t lp t . t . t : t :
iy == > i-1,j=-1)+ o (i-1,j+1 A-5
oL (4 J) = Lo (141, §-1) + 0 (1+1,341) + 0 (i-1,j-1) + 0_(i-Lj+D)]  (A-5)
and for the stress point that lies on the axis of symmetry,

oL ) =3 (oL (141, j=1) + o] (141, j+1)] (A-6)
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{ Then the incremental vertical strain is obtained from the incremental

stress-strain relations by solving for Ae: in Equation (38) or Equation (43).
The results are as follows:

If the stress point is elastic or plastic unloading,

Be () = o () -0 "M ) - sk laek (i) +ack () (A-7)

If the stress point is plastic loading,

t, o _J t, . t-At t, . P
. ae (i) =0 (i, j)-0_ - Mae (1)) + 8¢l j)]
tos { SR
o bi) o (b ae (i) +op(ii) 4t _(iav 1) (A-8)
+ Q + B rz rz
2Vt 2Vst
th
t t o, i)\
+ BlAe_(i,j) +Ace,(1,j)] A+2G-Q +B
r e Z J’t

where Aer, Aee, Ayrz. and o, are obtained from Equations (36), (37), (A-4),
and (A-5) respectively, and J, B, Q are defined by Equations (33), (63), and

(64). The stresses S ce. and T.p 2T approximated by their values in the
previous iteration.
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APPENDIX V

DERIVATION OF THE STRESS CORRECTION EQUATIONS

SEIES R e— P
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When the yield function f is significantly above zero due to computa-
tional errors, the stresses are corrected such that f is again brought near
to zero, The condition used for making the correction is that the correction
stress vector is normal to the yield function while treating each of the
components of the stress tensor, that is, o ce, 0, Trz' Tzr’ as independent
variables. As defined in Equation (31),

Yield Function = f = al + \/7- k
Defining another yield function as

F=J-(k-al)?

where F is a functionof 6_, 0, T_, and v , and is greater than zero
o e rz zZr

when f is greater than zero, then the unit normal vector to the function F is
given by

= JF
N =¥ (A-9)
|vF|
— —
where VF is the gradient of F, VF has the following five components:
3 aF 1
(\717‘)r = acr =q - 3I + 2a(k - al)
- AF 1
(VF)g = 30, =0, =31 + 2a(k-al)
-3 AF 1
(VF)z = E = oz -EI + 2a(k - al) (A=-10)
(vF)  ==2E .,
rz T rz
rz
] oF
(VF)zr Tt Tar
zr
By defining the correction vector as )
% . = (8
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where each component is the correction needed for each stress component,

In order to have the correction vector K; normal to the yield surface F,

i, j
the following condition is required:

-2
6or 609 boz 6'rrz 6';1. | 601. |

- = = = = = L =
(vF), (T, @H, @ (7H |

From the definition of scalar product and since Fc\ri j is parallel to F

B0, - VF
g,,*V
|55, | = —L—

W |vF|

ey —h __F.‘
Therefore, - boij ) boij . 9

= = =
|oF | |vF|2

From Equation (A-10),

|9FI2 = [c, --;;H?-a(k-al)]’ + [09 -%I+2a(k-a1)]’

.]—' H] ] -]
+ [cz-3I+2a(k-o.I)] L

After expanding the squared terms and simplifying,
|72 = 27 + 120 (k - a1)?

From Equations (A-10) and (A-11),

Fo. - VF = 40 114 20(k-a1)] 480 [5 ~d1 4 20(Kk an
cij -r[or-3 a-] aLe 3 atk-

1
+ 80, [oz --51+za(k-a1)] +(b1_) T (BT )7

~ 87 - 8{(k - a1)?] = 6F

(A-12)

(A-13)

(A-14)

(A-15)

(A-16)

(A-17)

-—
8F is the change of F due to the change of stresses 30,,, and therefore must

1j

be equal to the deviation of F from the yield surface (or from zero), that is

8F = J - (k-al)®
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Substituting Equations (A-16), (A-17),

ot
T O R

T ETT T 25 + 1200 (k- o)®
From Equations (A-12) and (A-19),

8a, = n(TF)_

1
o, -31 + 2a(k-ap)]

el
608 = ‘r'|(VI"')o

n[o -%1 + Zo.(k-o.l)]
8, = W), = nfo -I14 2a(k - a)]

6"’rz o n(VF)rz = M

Therefore, the corrected stresses are:

1
- = LT
or-or-bor-(l-n)or+n[(l+6a)3 Za.k]

1
= - %) o
oe-rre-bae-(l-n)oe-!-n{(l+6u)3-?.a.k]

1
0, =9, -8 =(1-mo + r[(l +60%) 5 - 20k]

1
Y2 T Tz " M.rz =ile= n)Trz

(A-18) into Equation (A-14) gives

(A-19)

(A-20)

(A-21)
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APPENDIX VI

FINITE ELEMENT COMPUTER PROGRAM FOR
ANALYTICAL SINKAGE ANALYSIS

"Lumped Parameter Iteration Method"
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Some Preliminary Remarks About the Computer Program

a, The load curve was assumed to be symmetrical, that is, the peak
is at one~half the time duration and the shape of the loading portion of the
curve is the same as that of the unloading portion. Both portions were
approximated by 20 equal linear segments. The '"basic load curve' in the
program has a peak load of 10, 000 psf, as shown in Table 8, and the curve
is scaled down proportionately in the program for lower peak loads.

Table 8

Basic Load Curve

Dimensionless Time Applied Pressure in psf )

[

0.0 0.0 |
0.025 -20.0
0.050 -110.0
0.075 -270.0
0. 100 -580.0
0.125 -1050.0
0. 150 -1730.0
0. 175 -2630.0
0. 200 -3750.0
0. 225 -4890.0
0. 250 -5890.0
0. 275 -6770.0
0. 300 -7540.0
0. 325 -8190.0
0. 350 -8730.0
0.375 -9170.0
0. 400 -9500.0
0.425 -9740.0
0. 450 -9900.0
0.475 -9980. 0
0.500 -10000. 0

b. One of the input data items to the program is the time increment, DT.
It is calculated previous to use of the program using the stability criterion
discussed in Section IV. The following procedure should be followed:




- An approximate tirae increment is obtained by the formula

(At) = -.l!—-
approx. 2c,

where h and c, are the grid size and the dilatational wave velocity, respectively.

- With the above approximate time increment as a guide, a smaller
time increment, At, is chosen such that the number of increments in the
entire load curve, 'f;, is a multiple of 40. This ensures that each linear seg-
ment of the load curve will have integral number of time increments.

c. Since the computer time required to run through a load curve is quite
long, the computer program is written such that portions of the load curve can
be run at separate times by using magnetic tape input and output. This can be
done by specifying the starting load increment number, LLB, and the ending
load increment number, LEN, and setting up the appropriate tapes.

d. The computer run is monitored by printing out the vertical normal
stresses, the vertical displacements, and the yield indicating table of the
region under the load in 2 format that has the alternating pattern similar to
that of the finite element model. The other stresses and displacements are
not printed out because the volume of print-out would be prohibitively large.
Also, not every load increment is printed out; the number of load increments
that are skipped is given by the Index, ILI, which is an input data item.

e. The numerical value of each element of the yield indicating table
supplies the following information:

(i) If =1.0 < YIT < 0.0, the stress point is elastic.

(ii) If -10. 015 < YIT < -10. 0, the yield function is greater than
zero but has not exceeded the tolerance for yielding (which is 0.015
in this case), thus the stress point is still considered elastic.

(iii) If 0.0 < YIT < 10, 000, the stress point has yielded and is loading,
and no stress correction was applied. The digits to the right of
the decimal point give the stress correction factor (1-1), which is
a number between 0.0 and 1. 0.

(iv) If 30000. 0 < YIT < 40000. 0, the yield function has exceeded the
tolerance for stress correction, and stress correction has been
applied. The digits other than the ten thousand plate digit gives
the same information as (iii).
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(v) If 20000. 0 < YIT < 30000.0, the yield function is negative but has
not gone below the tolerance (~0.015) for becoming elastic again,
thus the stress point is still considered plastic. The digits other
than the ten thousand plate digit give the same information as (iii).

(vi) If 40000.0 < YIT < 70000.0, the stress point is plastic and un-
loading. The digits other than the ten thousand plate digit give
the same information as (iii).
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LIST OF SYMBOLS
; AL Lame constant (1) in psf; later becomes dimensionless
Ho (X/k) N 1
|
ﬁ AP Soil parameter (a) /
- BE A variable related to the stress invariants
1 BE A variable in the plastic relation related to the stress
invariants (B) ﬁ
C Cohesion (c) in psf
Cl Dilatational wave velocity in fps
Cc2 Shear wave velocity in fps | ﬁ
§
i
DFW . ‘The value of the maximum percent convergence of vertical j
displacement between successive iterations among all the {
mass points
DT Time increment (At) in seconds o
DTT Dimensionless time increment (-tA—t)
d :
)
Dw Percent convergence of the vertical displacement between !

successive iterations }

ER, ET, EZ Strain increments (A¢_, A, Ac, and Ay ) at time ¢ i
T z rz

ERZ %

FA A constant for controlling whether the top point on the axis ’
be a stress point (FA = -1,0) or a mass point (FA = 1,0) 4

FC Yield function

FP Load curve adjustment factor

G Shear modulus (G) in psf; later becomes dimensionless (G/k)

H Grid size, the distance between a mass point and a stress

point (h) in inches; later becomes dimensionless (h/a)
HH Twice the grid size (2h)

I Index in the radial direction (i)
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IC

ILL

ILP

IT

JA

KT

LB

LEN

g

ML

NIN

PCU

PH

PHI

PIN

PKP

PO

T PP y Lk o

Index for controlling the particular surrounding stress
point to be calculated

The number of load increments skipped in the print out

Index for controlling which load increment is to be
printed out

Iteration index
Index in the downward direction (j)

Index for controlling, during the final iteration, the entry
to program for checking if the stress point has yielded

Index for indicating the particular linear segment of the
load curve that is being considered

Starting load increment number for the particular computer run
Ending load increment number for the particular computer run
The number of grid points in the radial direction

Index to indicate the i position of the first mass point of
the row

The i index for the last fictitious stress point
The number of grid points in the downward direction

The number of load increments in a linear segment of the
load curve

A constant in the plastic relation (Q)

Magnitude of the applied pressure after each linear seg-
ment of the load curve

Stress correction factor (n)

Frictional angle (¢) in degrees; later becomes in radians
Applied pressure increment within each linear segment
Peak load of load puise in psf

Poisson's ratio (v)
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RH

; RHO

RL
SI

SIK
SJ
) o

SR, ST, Sz,
SRZ

SRS, STS, SZs,
SRZS

SRT, STT,
SZT, SRZT

SS
TD
™

TTD

U, UD, UDD

Dimensionless radius (r/a)

Stress correction factor (1-n)

Dimensionless radius of the particular surrounding stress
point considered

Weight density (p) in 1b/ft®

Radius of the loaded area (a) in inches; later becomes
in feet

The current applied surface pressure that is prescribed
at the fictitious stress points

The particular applied pressure increment being considered
Second stress invariant of the stress tensor (J)
Vertical normal stress (oz) x 10%; use for printout purpose

Radial, tangential, vertical, and shear stresses

(Ur' ce. Uz. Trz) at time t

The stresses of the previous iteration at the surrounding
stress point being considered

Radial, tangential, vertical, and shear stresses

(or, 09. 0, 'ru) at time t - At

First stress invariant of the stress tensor (1)
Time duration of the load pulse (t d) in seconds
Time in seconds (t)

Dimensionless time (t/t,) at the end of each linear

R\
segment of the load curve

Radial displacement, velocity, and acceleration
(u, 4, U') at time t

Radial displacement increment (Au) at time t

A variable for indicating unloading; UPL = -1, 0 is not
loading and UPL = 1,0 is unloading
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UT, UDT,
uDDT

W, WD, WDD

WO
WP
WP

WT, WDT,
WDDT

YI
YIT

YS

Radial displacement, velocity, and acceleration
(u, 4, W) at time t-At

Vertical displacement, velocity, and acceleration
(W, W, W) at time ¢t

Vertical displacement increment (Aw) at time t
Incremental plastic work done (AW)

Vertical displacement (w) x 10°, use for printout purpose
A reference plastic work done

Vertical displacement, velocity, and acceleration
(w, W, W) at time t-At

Yield indicating table at time ¢
Yield indicating table at time t - At

Yield stress in shear (k) in psf
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) ! .
o .
ACETE (1TRPUT TaPb R0l )
TAET R L (LITP T TAPD MNGe)
A il T 4D
Sl -TC L 4T E ir b9 XRT
S RTNRY LT e Wi e R naRCH IMST,
~oopERDanAT P LeaD ST Ay ANALYSLO
COAN/ e aY S I es3Y el 3 e sy e UL s19350)
) Wl 933 e 2Le23)eubD(0le33)
2 UTCA21932) e t0T (2093 8)sJOVT(51900)
2 AT L 932 Y 9 LTl 30) e DuT(aleo0)
4 DT 02132 e T(2)97300)
MATERERET. | 1o TO(319427 ) 45T (31 9% 2) eSS 2(219233)e0RZ(31933 )
1 CRTL21955)90TTlmaead)szel(5Le20)s0orRET(01e20)
‘ YIT(41 033 ) eY Izl en3)eRlis{Z2L)erinlid)y
L) SP{zlexs)ewprlziecld)

rATLOGY o ilT 2L G)
IS LM (L0 sk lib o CidoCideo b i) )elUoDloi)esoa(i))y
I ChoCi)yosRZELY Yo UL eY L))o LUTUL) 2 3kTOL) )

2 (ST AR ) p5TT (1)) 0 omse Tt s T 1110 o0 seT (el )oBRT (L s
s (T OL) o YITCL) ) s CaP (L) 9nP (1))
Mgt R T T = 1RET a AD CUNSISTE UF SUIL PaRAnETERS

& CSECONTDY AN CONSILTS OF LIAD PARAMETERDS
a THIRDY REaD COMAIISTS GUF COAPUTATIONAL PARAmzTeRrd
Z FOURTA Rewehy CONolo1% OF LUSD CURVE
Se!l) RiNter) el 24 o PHI
a2 1) 1 deikLernP
T 9N g
(BLUCE)Yel=Lac))
Lo A ron Thn LRof
T Te vy gv o ce 1S Obe UR mVon
S V. NeLue Tl (ze2) SUET G A indS PulnNT
LOcsTrum (292) =UST v A STREOS PUINT

Lurvcu Fidlllludo sirkooss Pulinlsiice

A'r‘L:"-
TE (706 "L#241412527)e"TeRe) GO TO 160
Fhz==1,
A=
) To lel
162 A=,

"
N

AOSALCILATE STHEIRSCTIL PARAVCETZmE AMD PRINT TriEs GUT FOR REFZRENCE
) RALD ¢ D

C1202% (244 (1 4=PD)/(La=2a%F)
CzRHORC X2 /3042

ALZ2 ¢ #00#5/ (1 a=2e%1C)

PRITH (bHelfix)

wRTTE (09104) RHues POl
RITE (641705) TPl
Pra.=PHi*3e1412927/1c¢cCe

he

-4

FCE(e=SIN(PHI) 1 %5a R %04 >
EP22 W HSIN(PHI)/CC
AADYADYAD

YEzh  ROHOOE(DH]) /CE
WBTTE (He176) SPeY3E

Ty
e LT
WRITE

(59111)
(Ael17%)
(6127

Ny 4PKXP

e e




*‘
{
%
i
Y
e;

WRITE (69178) el ToemaNy iL
WRITE (€4+109)
WRITE (69110) RLsTiieYS
C NON=DTGeMSIUALTIZInG ALL PaitantTord mib CablCULATC ouin Cunclanic itiml
WLl 2% YSEDN TN T LATER LZOPS
AL=AL/YS
r=7/ve
N=2 g #0
H=H/RL
HH=2 o %H
SL=RL/12.
~TT=RT/TO
COY=YSHTORTDE2Y 2/ (wHDRRLAILY)
CTOAz AP#(1e+PYV/ (Je=Cda™rPU)
OD=CGG/ (e 243K (143,2)
NTH=DTTRLG
ATO="TT%D
Ol Y LaSiO LURDY LaVe rOa Tz oPollrdn Poan Lo encedlnle Lupuw
IhﬂR:%fNTS i) VU‘—DIMLNEIGTFLIZIHU uulﬂ, Coanviowers bive naioonn ur
LGS INCREENTS 170 A LIRS SECanhTa ARIT ol Ll bPos wibkosiouion
VRTTE (44115
NTM=A, 2R/0TT+0g0]
EMTM=N]N
TTo=n,
Fb=pKR/IGNIN,
oC=PCU(])
D0 165 J=lee”
TTo=TTu+0eles
JJd=J+1
DI=(Pr(JJ)y=Dr)yeri/Enn
DC=P7JI)
DAVZDCORED
BDIN(JY=PI/YS
DAt r=ntve
63 WRITE (H69118) JeTTLIPs2C el ePlil(Ju)erilu)

YN

N IN THE FORCAT FOS P2 1T LT el CalZidierTe Toren Tyl Cin Fom
CNTRDLLING Tric PREAT LUl PaTToxve
iF (FAOET-QQ) SU.TU lb7
DA (S9127) ©ruTL
RPehAY (Delc) reTe
¢ TO 168
1A7 DEAD (Tel27) T2
PEAN (E4123) FuT1
145 J1=NA
J2=58=4
L1=1240
L2=17=-""4

Q: 40) l-‘. ST‘-‘:TX;\IU LLE s l:"ls.f':‘_' '..:""4-[ n"lU '-u._"t NN --NUI Ve evdes ll.\gv.x}_"'bwl

(A NR}
[ARCAL

Ml xy AL T 2l T o CuniTiuwl tieac ke T ae o Tl Pudedes rdve bivsa Tane
APPLTIZO PR-GSZURL 3Sle Ay Pl wdT run scroniiveces

Qemb (Z9lal) Loslowe bl

ILP=LA+ILI-]

IE=LEN

Sitl =i 2=

THe=aL %07

TASTRY/TN /N PR 4 Y 7

VTI=TR+140"1

TV =T

LS=XT#NIHN

wil=]

TF (KTelLZezn) 0 TU 16D

YOy Y




Y

\l-‘

1€%
1/4

Ir THIS

KT=42-KT

Kd==1

CI<==PINIKT=1)

N TO 166

SIL=PIN(LT)

CTH=KT+<Y)
CSI=(TR=TO)¥(PCU(LT'H)=PCU(LT) ) +PCUIKT)I+51IK
WRITE (Ae117)

PRITF (AH911R8) L=sLENSST»SIK T

TP (LoehTal)y GO TO 164

15 Taz VERY Fikadl RUNy nice 3Troodcs AnD vlosPraccrenTs Ant

Fiool ol twual Ty Zenus s Tace Yiecwy TaolCallwe anTwiX s ocT v ve
TLASTIC

Fz—=F

B VAT A SR | )

T Ted)=0,
VI(Ted)=r.
P (Tel)=Ns
(led)=Coe
U (Ted)=00
T )=le
TN Ted)=Ne
AN T ed )=y
UT(Ted)Y=7,
HT(Ted)="y
AT sJ)=",
WAT (T, . 1Y=n,
DT (TeJdY="0
TANT(Teldy=",
JF (lelLelii+l)) s 5T
L=1+1
“R{LsJ)=T
CT(LsJ)=CW
CZ(LeJ)=",
TRZ(LsJ)=00
YIT(L,J)==1,
C PRI i
|,lﬁ=1 ./f‘
AT AN
TE THIR T SUMTINUATI N RN THE STRESSE
YUy IO LCATING Taoll OF Tl PRZCEDING RUN ARE KREAD
THALTITEEL AT TIe T Fur T FIRST ITEraTIuN
PEAL () GTerTooeTewlTsiod i e 00Teulsnl
F=eFA
20 B JzgenNl

=]l e b TldERT gD

MEZ D

NA D = My MT 0

M Te)= UT(T4d)

MUTed)= VT ed)

YT )="0TT e D)

(T e J) =0T (T d)

IF (TeEald441)) (0 TO 8
l.=1+1

139

Te DISPLACCEHMENTS
' In Frum TAPL
STOREDN AL GUANTITIFS AT Tlel T=DTs THEY ARE Acov LoJATED Ao

AND

R R

bt o
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[ I

£ CALCULATI,
- EQUATIONS GF MuTION
rOLNCATIONTOF THE MASS POINT.

i2

. LEFT #A5S POINT

NY 79 [=MMeilfe2
1P=1+1]
Iv=1l=1
R=]~-2

R=R*H
T CACH “ASS POINTs Tt ALCELERATIUNG Frio
Tre PARTICULAR twlUnTIon Tu udz vobPrivuo

THe DYrelo
viv i

INS=N(T 9 J)
wnG="n(14J)

18=U(IsJ)

wWwS=w(leJd)

IF(14GTe2) RO TO ic

UDDI29J)=00

WD (201 =COL RS2 (2941 ) =0l 29d=1)+Gak 0l (3y0))/min
GD TO 16

IF (JeUTezceOReIouTeil) G T 13
1PN (T 42)1=00

N TN 14

12 DT J¥=COV*((SRIIPsJ)=3R(Tiisd)+5<2 (1o J+1)=0nd(lsi=1))/rm

T4(S5R(IP s JIF+ER( 190 )=0T(IPsJ)=STIMeJ) )/ 2e/R)

14 OD(1e)=COIH((S2 0T+l )=024(1sd=1)+oReIPsJ)=cra (o) )/

CALCULATE T UISPLACLHenT Andd viLollidlloee Al

CGUADRATURE JGUATIUNS e
16 UlTe =T (Led)+DT120LT (I eod)+uT TouTix(uuuTl(f{sulrcertulisvl/us)

AVIRACE LITem ThE DISPLACEMENTS Fril’

14(SRZ(IPsJI+SRZ(Tiasd) )/ e /R)
Tl 1T P Ink

;\;(I’J)=.v](I’J)"‘DT[*'-UT(I'J)"‘.)l]‘*l)rr*(-uuu.i(199)/90‘1'.-;,..'(1-9J)/(_‘o)
UDGTsd)=UDT (Lo )+l TH(UDUT (L sd Y+ i) )/ 2e

wDlIsd)=vDT (e )+l (LouT(Lles)+nuviisw))/ca

IF {ITe-Qsl) GO T Ll
THE PRolaodliu IR S alm VI
UWITe )= (]l e )+U0)/ 20

NMUTod )= (T e d)+"5)/2

(Te)=0(Te.)) Y/ 2 140

7E:ﬂ L T — i
. T e T vy o ==
y ; et
A
3 1 v
|
(L aJV=CRT(L o )
STLe)=DTTUL )
SZ{LeJ)=S7T(L +J)
CRZL «JY=SRZIT (1 +J)
Q COANTINUIE
WR=5RT(1s1)
C STARTING PUINT UF w007 WlUTomiv Luurs Fuk waclueaTlon ur cmerl Lumu
C INCREMENTe TrHe STARTING APPLILY SURFALL Puroodre ant oluncu i sl Iinc
) ¢ FICTITIOUS STRESS POINTSs ROw  J=1l.
H - 169 DO 97 I1LL=LB,LEN
TH=TVM4+DT
N & I=MAsML 2
B €7(Te1)=5S1
NN 4 T=ML2921,2
4 S2(Is1)=Ne
r STARTING PO2INT OF THF TTERATION LOUP
JAa=]
] 17=0
N 6 IT=IT+1
DFW=0a
:fa F=FA
~ STARTING POINT FOR TH: LGOUP INCREZAERTING Z2AalH ROs OULD vUWNwnRY
NA AN Jz2 4NN
F==1¢%*F
MM=2 G 50N1+F%#0,5
ME =ML 4t
~ STARTING POINT OF THE LUOP FUx CALlUATluno onlr sUw oTarTINng o fla Trc

e pr s S

R Oy -

©

A e

N

i
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T dYE(UG{T e+ )/ e
LT e YT+ 05) /e
T 10 CALCULETT T D iskRLauE s RT O INCR omInT S
In CI(led)=itlad)=CcT(ied)
Yl ed)=nlaod)=.T(19sJ)
CeTi?vahe Ine vluPLACzEnTo ur Trno oclunv [0 dre caol wuw bY Averacinu
IF (JelTelN) GO TO 19
e (1=") P11 418
11 “T(2eN1)=v 19 )/ 2
NT(2sN1)="0
A TN 0
L ORI T=1e M) =T T=2e )+ T (T0d)) /b
DI I=Ta NI SHUUT I =co )+ T (1 od) )/ be
[F (Te8wali=1)) GO TC 19
9oL TI el ) = (NI (T +eod )+l (10U) ) /b
GICT+TaNLY=(UTI(T+20d)+0I (1 0d) YV Ga
19 TONTINJG
IF (ITellLec) LU Tu 17
AOCALCULATE Tir PERCHVNT COnVERGENCE GF THY VERTICAL DISPLACEMENT
Ao TeEIN Ty and) Tef PRECEDING TTERATIONS  LUCATE THE LAKGEST PowChivl
~OANTY CAYFE TR Fig LATER REFERINCH
TAZALC( ] gt (T d) )
IF (Drel® e ) O 7O 17
NE vz
liv=ILL
ITo=IT
10=1
=t
C ChLCULATE Ttz 95TReL3zo AT THo odrisvuinDInsg oTiscoo PulinToe I CunTrueo
2w ICH STRESS PUINT TS 5EING CUNSIULRED
(e 1C=1 IS FOR THY ONE dIsdki21aTely siliow
2 I1C=2 1% FOR THIE ONv 1emzOlIATOLY To Thi LEFT
a TC=3 IS FOR THI AN T-WEDTATELY TO TrHE RIGHT.
17 1=
vzl
L.=J+1
RH=R
CETARTING PCINT UF FRULGKEAN FuR CALLCULATING, 0TRESOotS UF calit oURRUUND I NG
r STRESES POINT.
in 1C=1C0+]
IF (Kemuwel) 20 TO 64
C 5AaVE Tt HTkeoors or Toe Prolovint (TemAaTiuny Ao wnicN Yicwy [TwuilCAT-
CoImG MATRIX TO v TuR Tiie wrtICr 3TResd STRAIN RELATIUN TU Udt e
SRS=SR(Ksl)
STS=ST(KsL)
C7C=C7(Kyl )
ERZ2E=R7{K sl
e (YTT(YsLL)) 2N 92 FR 428
~ zZMN STRESS POINT 1S FLARSTIC.
4 CALCULATE THE OTRAIN INCREMENTO Frum THE OIoPLACEREnNT InNCRemenTOe
C WhICH cWUnTT05 TU UoE DEPenDo UN ThE wuCATlun urF THE oTRESS PUlNI e
27 IF (LeGTe2) G TG ¢«
IF (KalaTed) 50 TC el
S2(292)=(32(390)+51)/20
FT=0e
TRZ=0D.
na TN 24
27 TF (€ef T LaNPelCellTey 0 TC 22

51

CT(K92)=(SI+C72(K=143))/2,
Zia BTN 215

K921z (0L (K+19i)+52(K~1

21)+SL(n+L o3 ) roiln=193)
141

g




. 1 “~HL(KR=292)=0l(R+292) )/ e
188 0 TO 2%
IF (Retwelmb+1)) LU TU o1

PN W
(S VNN N

ET=(UL(K+1lo )+ (K=192) )/ c e/ ixH

R e g

le/3e/4H
26 FR=(UT(K+Ye2)=11T("=197)) /14N
E7=(SZ(Ke2)=SZT(s)=ALT{ERIZT) )/ (AL+1:0)
SEF=RIL®(E4ET+FZ)
a0 TN 30
e TF(KaGTe2) GO TO ¢4
; FR=¢e®Ul(49L)/RH
cT=ER
E£QZ="),
GO T 25
24 ZT=(UI(K=1oL)+UT(KrLol) )/ e/ K~
ER=(UTI(K+1loL)=UI(K=1oL)) /11
IF (1T e0TeleaCReKe T o iLeURelICablTa3) u TU ¢B
e IF (ARS(W(K+TsL))eTaRelE=33) &2 T én
ERZ=(UTIKsL+1)=UI(KobL=1))/HH
G0 1D 29
28 ER~XZ=(WI(s+lol)=n](K=1sL)+ul(ast+L)=Lll{rnsL=1))/nIn
29 ZZ=(AI(Ksl+1)=nl(Kol=1)) /1
CALCULATE THE STRFSSES FRUis ThE FELASTIC Rowallonoe
CE=AL*(ZR+ET+F2)
30 SRIKsL)I=SRT(L L)+ +060*er
STUKsL)=STT (KoL) +LEH+GGHRET
ey CZIKoL)=SZT (KoL )+ +CGHEZ
o SRZ(K oL )=SRZT(KsL)I+GRERZ
50 TO 59
r 35 QTRESES POINT IS PLASTIC.

i ]

r WHICH FGUATION TO USE DEPENDS Cn THU LufATToin OF
28 1)PL==1.
IF (LeGTez) GC Tu 47
TE (KeTe2) RO TO 37
S2(2e2)Y=(S4(3s3)+21)/20
L FT=0e.
tRZ=Ne
GO TU 43
37 IF (Ke2TeitLeD2elCel To3d) Gu TG 40
QZ(Ke2)=(SL(¥=193)45])/ 2
noTN 4)
38 CZ(Ke2)=(SL(K+1o1)+0LIK=19l )+l (n+lsd)+00(K-192)
] =QZ(K=2s2)=SL(k+297)) /<
CN TD 41
40 1F (Kecuwe(ML+1)) wu TUu Zzo

3% SZ K2 )= (o (R+ioi)tSiIN=a0l )+l (Nl )tot k=19 ) )l 0e

41 ET=(Uul(K+1loV+Ul(K=Ls2) )/ ce/ixn

SZ2IKe2)=({ol(K+lol)+0il{n=Lol)+oilintios)+ol (K=193))/4e

] CALCULLATE THFE STRAIN INCREMENT: FROW Thic CILPFLACe

EFRZ=(WIURK+102) = T(K=1e2) )/t (CI(K o2 )=Ul(N=1sc)/co=L [ (NTLys)l/sa)¥y

'HuTAlthLMLMTJo
oTReow Fulwle

ERL=l Wl (n+io)=unl(KR=Loc ) )/ miittul(no)=Ul(n~L19c)/co~Cllatloce)/ce)re

le/3¢/7HH
43 FR=(UI (K+192)=-UL{K=19Z))/Hn

YN

4n0nn,
IF (YIT(XsL)eGTa&070Ne) GCC TO 46

THE NEXT STATEMENT CrHeCKS The YIcbLo INCLICATING vimlxiX
THE STRESS POINT IS UNLOADINGs IT IS UNLOADING LF YIT IS

I\J Ll".]'[".t‘»'nin'.' iF
GREATE Trimib:

CSI=SORT U (SRE=ETO) ¥ X2+ STE=SZ (K9 2) )2 ¥ 2+ (SL(Roe)=inmi) k¥ otba¥n %

15RZ23)/6)
ES=LURE+LTS+EZ (K Z)

EE=C03=-55/5J/6
* 142
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SJ2=2e%*5J
€73=C72{K92)/J2+sL
COT=2R+~T
C7=(SZ2{K92)=SLTUAZ2)~AL*  KT+P 2SR ( (SROI*LR+LTOFET+oRLO* L
1726V /7SJ242E2TRT ) V/(GGHAL-PRSLE%52,)
50 TO 51 i

4A E7=(S2(Ke2)=SZT(X92)-AL®(FR+ET) )/ (AL+GG)

rn 10 5]

47 1F(KaGTe2) GO TO 4% ]
ER=2e %l (3sL)/rH 3
FT=ER 5
£R2=De |
&n T2 80 . §

49 zT=(UT(LK=isL)+Ul(n+1oL) )/ ce/KH
ED=(u]{K+1sL)=UT(K-1HL)) /AR

CRZ2={WI(K+LoL) =T {n-1oL)+UI (KoL +1)-UIl (AsL=-1))/HH %
SN £2=(al (Kol +1) =T (nol=1)) /R ﬁ
2l FESER+ET4+EZ

AE=AL*TT
~OTHE NEXT STATEMENT 7THECKS UNLOADIMG AGAINS  IF UNLUGADINSs GO 1O
COUNLOENING R-LATICN,
IF (YIT(RoL)eGTe4(NONs) GU TU 53
¢ CaLCULATE Tt STRe3Sce FKOsA Thne PLASTIC RoLATIuASe
WOTOROFERFOTS R THOLL*ERL/ cetoo (AL ) ¥ L
IF (Letved) GU TC 54
SH=0RS+LTOH+52S

SIU=SURT (L LLRES=0T IR R L4 (o To=0L8 ) R+ (D200 S ) MR TR e X DXL I%SKLA)/O0)
AFE=C02-55/50/6.
CJ2=2.%5)

SZ{CIL)=EZTUK o LY +OOXEZ+AE={SLE/ SU2+40E ) ¥ WU/ Suc+se*ED ) #P
€4 W= (WD S Y2 +TTRIC )R
CRICILY=SRTUZ oL ) +GEREREAE=(SRE/SJI?2+0r ) ®WE
CTUN L) =CTTUK G L) +CO*ETHAF- (ST / SU240E ) ¥
SRZ(NsL)=SRZTIRK s L) +O*ERE~URLOF B/ L UL
GY TL 59
C 23 =TRe3S POINT JTo UniunDinue Unbunulinu geenTiun 1o Jowve
3 IF (Letwed) av v Yo
SZUKsL) =0l T (Lol ) +ACruGRal
23 SRUaAsL)=5P T(L L) +re+CGE-K
STUKAL) =TT (Kol ) +AL+GGRET
CRZ (oL )=SRITIKsL)+0L¥ERL
~ B0 Rz Ire Th- CTRELS POINT HAL YIolDiDe TrIS 15 LUNM: uslY Furk THc
e CIMAL ITTRATINN, JA INDTX CORTR:2LS THE EnTKY.
£Q YE (Jr.LTe2) D TC 64
CZallULATz Trs YIEL S rUNCTIUN
So=zRINsL)+a T i) +oc(AsL)
Sows{oRklnsL)—cT (ol ) ) ¥+ (OT(nsi )~ lansi) ) kverlcalnsc ) =olnsn) ) ewg
SRw=(ord(nsl ) ) nge
3=3547€64+5SRQ
SRRT (5Js)
TAPpRCC4e J=1,

¢

Nt

’

I ¢

J
J
r

nn

T CnICK IF Tro Yi:-Li FUNCTION I35 GREZATeR ThHAlm TnS TUuLoKARNCLE ADUVE LEnUd
AT CANE THY APPRGPRIATE CHANGE N Tk YISO INDILATING Tmolt
IF (FCel:ToNeNlb) GU TU 63
1 (YIT({<sL)alLTeMe) =C T 60 oy
IF (FCeRTe=NgN18) 0O TD 63 i
6N GN TN (24901464)91C s
61 YIIKsL)=FC
IF (FleuTaire) Yilaos)z=10e-F <L
~~ TN R4
T 6% STRe 35 POINT 1Al Yieldooe el IF IT Io unlGAvlinGe
143




et v n i,

ﬁ

wda bk

63 WOTSRIKIL)¥R+ITINos L) ¥ETH+SZ(KoLI*EL+oRI(AIL)REKL/ o
IF (#0eOTeWR)  wWR=WC
IF (WOeLTe=De00# ticai-fiDallabidac) UPL=4o
C CALCULATE ThHr STRESS CORRECTION FACTUR
CQP=(]1e-APH#SS ) #%D
PH=(SJS—STPY/(24#5JS5+12 ¢ ¥AAPXSS5P)
PAK=PH* ((1e+6#AA) XSS/ B3 4=L o Al)
RAT=1.-PH
FCI=AINT(L00MD e *¥F L)
IF (FColTele) FCI=c(0C0e=FCJ
YI(KsL)SFLUJ+RAT
IF (UPLeGTeDe) YI(RsL)=YI(aoL)+40G000. -
TRESS CORRECTION IS wavE Y Trz FULLOWING STATorienald uneY fF Thne
[ELD FUNCTION IS GREATER THAN A TULoRANChe
IF (FCalLTeladd}) GC TO b4
YI(KeL)=YI(KsL)+2 NN,
SRXL=5R (Y. 4L ) .
ETKIL=8T ¢ 4L)
3ZKL=SZ (4L}
SR sL) TIRKL¥RAT+PAK
ST(L L) =5TKL¥RAT+PAK
SZ2 (XL )=52KL#RAT+PAK
SRZ(K 9L )=RATHSRZ (K9 L)
C STATEMENT 64 CONTRULDS TrE owlTCRING Tu watlulaTe lne olnicocu Al inc
¢ THREF SURRCUNCING STRzSS PGINTS.
64 GO TO (5596847C)s IC
&5 X=]-=1
L=J
RH=R-H
N TN 18
£9 X=]+1
L=J
Pr=R+n
GO TN 1%
70 CONTInut
80 CONTINUE
TFE (1TeLFe2) GN TO 6
WRITE (69143) NFY e ILDe I TDsIDsJD
IF (JAsEQe2) GO TQ 81
r CHFECK TF THF CONVERGENCE IS GGUD ENuUGHe RETURMN Tu CALCubaTe AnuThER
~ ITERATION IF NOT ACCURATE ENMOUGH.
IE (DFWeGTaDeNN2,ANDeITelLTe7) GO 10 5
rIF ACCURATYE ENCUGHs ADRDJUST  Ja  INDIX AND CALCULATL FINAL ITonATlon.
JA=2
GO T0D 6
81 CCNTINUE
 THt FOLLUWING LOOP SAVES ALL THo DISPLACcHeNTO rnb olReooes Fuik The
C CALCULATICON OF THE NoXT TILidk INCroiobinTe
F==FA
NN 95 J=2yNl
F==14%F
MM=] g B001+F %045
MZ M-t
NN 95 J=mMuc 2
IF ([eEQe(M+1)) CO TO 94
=141
YIT(LeJ)=YI(LoeJ)
CRT(LsJI=SR{LsJ)
STT(L9J)=ST(LsJ)
CZT(LeJ)=SZ(LsJ)
SRZT(LsJ)=5SRZ(L4J) 144
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CSP(LeJY=S7(LoJ)%1ND,
A LT(I1sJ)=U(Is))
WT(TsJ)=W(T1sJ)
WPR(TeJd)=wllsJ)#1e0E OB
IMNT(TsJ)=UD(T9J)
WOT(l o J)=WD(]sJ)
URDT (T J)=UDDIT L)
WODTLTI o JY=WDD(1sJ)
SRT(1s1)=uR
NO 180 I11=M4As31s2
180 SP(I1s1)=Sc(11s1)%100s
r IF THF FND OF A LINFAR SEGMENT OF Tric LUAD CURVE 1S REAChHEDs SIK Io
r CHANGED TO THE APPLIEV PRESSURE INCREMENT UF THE NcAT LINEAR SEGMENT.
IF (ILLeLTeLS) GO TU 96
LS=LS+NIN
KT=KT+¥!!
SI=PCU(KT)
SIK=PIN(KT)
96 CONTINUE
PRINT OUT Tihk VERTICAL STRESSES ANV vioPLACLMLNTO IN TPt Roeulun uNuLr
THe LOADLY AREA FUK MUNITORING THt CUMPUTER KU
IF (ILL«LTeILP) GU TO 97
181 WRITF (64125) ILLsITsTH
DO 183 J=19sNNs?2
JJ=J+1
WRITE (6+sFMT1) Je(SP(Is J)sl=Jlsl3,2)
183 WRITE (6sFMT2) JJs(SP(T1sJJ)eI=U291342)
182 WRITE (6+126) ILL
DO 184 J=29N1s2
JJ=J+1
WRITE (6¢FiMT1) Je(WP(ILw J)el=Ulsl3ye)
184 WRITE (6sFMT2) JJs(WP(19JJ)e1=J2913,2)
WRITE (6s136) ILLsIT
DO 186 J=19sNN»y2
JJd=Jd+1
WRITE (69FMT]) Je (YIT(Ly J)e+=J1l9l3y2)
186 WRITE (6sFMT2) JJe(YIT(IsJS)sI=U291342)
ILP=ILP+ILI
WRITE (65130) WR
2C7 IF (ILLeEQeIE) GO TO 201
60 70 27
2C1 WRITE (69125) ILLsIT,TM
DO 203 J=19NN»2
JJ=J+1
WRITE (69FMT1) Jr(SP(ls J)osl=L19de5s2)
203 WRITE (6sFMT2) JJs(SPlIsJJ)sl=Leocdss)
202 WRITE (6+126) ILL
NO 204 J=2?24N1,y?2
JJ=J+1
WRITE (69FMT1) Je(WP(Ise J)eoI=Llecdsce)
2N4 WRITE (5eFMT2) JJs(WP(1sJJYsI=LcedDel)
WOTTZ (6913€) ILLWIT
DD 206 J=19NMy2
JJ=J+1
wRITE (E6+FMT1) JedYIT(Iy J)el=L1s259¢)
206 WRITz (6sFMT2) JJs(YIT(lsJJ)el=L2eedrs)
lge=le+50
97 <I=SI+51K
7 osavE ON TAP=Z ALL TrngE STRESS:Ss DISPLAaEmcNTss VeluCITleos ARD ACloloik-
C ATIOMNS FOR SHBRSEQUENT CCAPUTER RUNS,
win F ] i
ITE (5413N0) IR 145
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e DT (17) UTUDToUDDT e T 9T e DDTeilly ]
WOTTE (69127%) KT el Sl PaSTaCTV

93 STOP

100 FORMAT(FReloFbecsostdel)

10) FORMAT (/F10639F1lec)

102 FORMAT (FBeZsrl2ecec]h)

1C3 FORMAT(IHY 915X 91EnS0UIL PRUOPcTILS)

1IP4 FOXAAT(22XeTHOcNHL 1Yol TXoonanu =eFaQesol0n woc/Cl~trT/coXsrsitoninx
1.00ULUSI3Xs3HE =sriQeli sl Lo/ lu=bT/coX0slbibelisovee KATlosaiAas+ns

200 =9F 1742 /23X e 2GHOHEAR WAV Vr LOCLTY CE =ebLtCeisTh v 1/22L/
2 23X 92CHDILATATIONAL vitVE Vil ClL =9FiCeleTn ¥T/0:=C77)

105 FORDAT(223Xo8HTUHLLLIUGN 9L EX001il =9t 1CelenUn Lo /cu—rT/eoXsiartnl Tl
IN ANGLC 910X o RIPHI =9F1Qalebr, oG/ /)

10A FORLATI23Xe22HFP Y1old CkIToivle~ rePiln = 91bec/G3X93NN =9 1CeD
1124 L3S/5Q-FT//7)

107 FORGATIIHC 915X 02at:i O PUTATICNNL FAanmm T 2R0)

108 FORMAT(23Xs10HLPALE ML3Hy
136X953Hr =oF10e& 9311 IN/ZZ223AsgrninmzlC Tl Tulsmeoind ol =
2F10e 7ol SEC//Z23K01LnNU Ao ER OUF [ eloXest e ld/coAsisbisutonty uF Js
315X 3HlN sel4/ X taHLOADCi=F e 23Rz es TAsLiie =9l 4/7)

102 FORLAT(IVC 16X o0t THARATe R GTIC ProRenzTLnd o o=l vovwoluivacled
1M6G)

110 CARMAT (22X 9 VAHLENETH = RL =eF 10629 3H IN/23Xs14rT Ting = [D =eFi0
le294H “EC/23Xe1LHNTRIECSL = K =9F1Ne2e1CH Lux/Su=FT//7)

111 FORMAT (1IHD 17X 9120l 04D PARAETRAS)

112 ZDRMAT (£3Xe28HTIGE DURATION CF PULLE To =eFi0es94n =cl/
1 23X ZGHRADILSE OF LundED LREA K =9FiQes95m1 Iiv/.
2 23K 9 23HPFAR PRESSUKL ufF PULon PRP =erilelslln Lusl/ou=rls7)

312 FORMAT (1H/777)

115 FORMAT (EX953h AT LleeNSTunbcos Crholl LuAu Uit luncu
ADTAENSTONED CleilieS10MLES o Wimcivolunioeso/ aGon J Tl
2 T/TD> CURVE Lumsd UV Loen bieseoenT LUl
3 CURVE LOAD INCREIMENT//)

118 FOARMAT (1X9123F1b4e 5 9F 180l sF1CalstrlbenslPilDglscluel)

117 FORMAT (141918Xe34nPaRAMETERS FOR Trlé PARTIWWILAR RLUM)

118 FORMAT (23Xe?2THITARTINC LC~iz INCRESENT NUivonr Le =916/22X90THENY
1ING LAD INCRES opnT NUWE R O LEN =9le/coXva MAXTART NG SUKraic PRoo

ZSURLE SI =9lPeiTeToivm (LIvenclulblcos)/ccAsoinFresoune (ur L
3CAv) INCRLMENT SIS =edboilelsdori (DImernoluntcoo)/eoAvsaonrnovlnmnd iy

47 TIME 923X e4HTiH =eFLldeTo4hn >cC/ /)

112 FORMAT (2Xe23HSTRLSSE POINT I3 PLASTIC//)

120 FORMAT (4Xe31995E1768)

125 FORVMAT (4CGHIVERTICAL STRrod IsTRILUTION (S4%10Ce) AT L =9loy
184y IT =91398Hs TIHE =eFLCebsdr Lrnl//)
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